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Abstract. A Langlands parameter, in the Langlands dual group, can be decomposed into a prod- 
uct of a tempered parameter and a positive quasi-character. Fixing a tempered parameter, Arthur 
conjectured that positive quasi-characters corresponding to certain weighted Dynkin diagrams for 
the centralizer of the tempered parameter will yield unitary representations. In this paper, we 
treat one basic case in Arthur's conjecture for the special orthogonal groups. We establish the 
unitarity for a class of Langlands- Vogan parameters in Arthur's packet. 



Introduction 

Let G be a semisimple Lie group. Let n„(G) be the unitary dual of G. Let n(G') be the admissible 
dual of G. Fix a minimal parabolic subgroup Pm- Let P be a parabolic subgroup containing Pm- 
Let MAN be the Langlands decomposition of P. Langlands showed that n(G') is in one-to-one cor- 
respondence with a triple {P,a,v), where a is the (infinitesimal) equivalence class of an irreducible 
tempered representation of M and w is a complex-valued linear functional on a such that its real 
part 3fi(w) is in the open positive Weyl chamber of o* . The representation corresponding to (P, a, v) 
is J{P,a,v), the Langlands quotient. By a theorem of Harish-Chandra, Ilu{G) can be regarded as 
a subset of Il{G). We shall say that a Langlands parameter {P,a,v) is unitary or unitarizable if 
J{P, (7, v) is unitarizable. 

Irreducible tempered representations are all unitarizable. Therefore their equivalence classes, the 
tempered dual, can be regarded as a subset of n„(G'). The classification of the tempered dual is 
completed by Knapp and Zuckerman ([KZ ). Fix a tempered parameter a, the problem of deter- 
mining the unitary dual Ilu{G) can be approached by determining those v such that J{P,a,v) is 
unitarizable. This set of v is necessarily bounded. Arthur conjectured that if v corresponds to a 
certain type of weighted Dynkin diagrams, J{P, a, v) will be unitary. In this paper, we shall treat one 
basic case in Arthur's conjecture for special orthogonal groups. We shall also give some indication 
how other cases can be studied. 



Before we state our main results. Let me introduce some notations. Let G = SO{p,q). Suppose 
that < p < q. Fix a maximal compact subgroup K. Then K = S{0{p)0{q)). K is disconnected. 
Let {() e Uy,{SO{p)) and (rj) e Uu{SO{q)) as in[2?2] If (^) (g) (rj) extends to a representation of K, 
then we obtain two such extensions (^,77, ±) e Ilu{K). We use the convention set in jKV) to mark 
these two different extensions. If (^) (E) {rj) does not extend to a representation of K, then there is 
a representation (|^|, |?7|, +) G Uu{K) such that (|^|, |?7|, +)\so{p)SO{q) contains a copy of (^) ® (rj). 
The unitary dual of S{0{p)0{q)) can be parametrized by {^,r],±) and (|^|, |?7|,+). If p = 0, we will 
write {i]) as (0,?7, +). See 12.21 for details. 



^This research is partially supported by the NSF grant DMS 0700809. 
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quotient, Howe's correspondence, dual reductive pair, unitary dual, admissible dual, Harish-Chandra Module 
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Given a real vector /i — {iii, fi2, ■ ■ ■ , iJ-n), let fi be the rearrangment of /i in descending order 

7^1 > 7*2 > ■ • ■ > A*^- 

Let = (1^1 1, 1/X2I, . . . |/J,„|). For any constant C, let c be the constant vector (c, c, . . . , c) of a proper 
dimension. All general linear groups in this paper are real general linear groups, denoted by GL(n). 

Theorem 0.1. Let a he a irreducible tempered representation of SO{p ^ d,q — d) such that one of 
its minimal S{0{p — d)0{q — d))-types is (i^, r], +) (" |Vogan| Then the Langlands- Vogan subquotient 
°f^^'^sotp-d.q-d)GL{iyN'^ (g) nti I det |"' is unitary where 

(1) V is the semisimple element in so(2(i, C) corresponding to diag(^,— ^) under a Lie algebra 
homomorphism s[(2, C) so{2d, C) when p + q is even; 

(2) V is the semisimple element in Sp{2d,C] corresponding to diag(i,— i) under a Lie algebra 
homomorphism s[(2, C) — > Sp(2c?, C) when p + q is odd. 

Here v is parametrized by and \ det | is simply the absolute value of g E GL{1). 

If d 7^ 0, the Langlands- Vogan subquotient is defined to be the irreducible subquotient of 

d 
i=l 

containing a minimal -ftT-type (|^| © 0, |?7| © 0, +). If {p, q) 7^ (d, d), it is equivalent to the Langlands 
quotient of 

d 

,SO{p.q) 



i=l 



When a is trivial, we obtain unipotent representations. In this case, our result overlaps with jBaru] 
(for p = q, q — 1) and |Quan| . 

This paper is organized as follows. In Section 1, we define the invariant tensor product of two 
representations weakly as distributions (Definitions II. 1111. 9|) . We prove that invariant tensor prod- 
uct may inherit Lie group actions fLemma ll.l4p . Lie algebra actions fLemma ll.l6p and Hermitian 
forms (Prop. 11.201) . In Section 2, we review the basic theory of induced representations, Langlands 
classification, Vogan's subquotients and growth of the matrix coefficients. In Section 3, we review 
the known results on the degenerate principal series /^(s) and its unitarizable subquotients, due 
to Johnson ([JQ]), later reworked by Sahi ( jSahi2| ). Zhang ([ZH]) and Lee ([LL]). We give some 
additional analysis on the small constituents £m{n) with < m < [^^y^]- 

In Section 4, we define the quantum induction Q{2m){Tr) on the Harish-Chandra module level to be 
V{£m{p+q+d))^so{p,q) ^iT^)- Here V{-) stands for the Harish-Chandra module and tt £ Il{SO{p, q)) 
satisfies a certain growth condition. When tt is unitary, Q(2TO)(7r) inherits a Harish-Chandra module 
structure of SO{q + d,p + d) from £„i (p + q + d). Suppose that p + q < 2m + 1 < p + q + d. The main 
task in Section 4 is to show that the canonical invariant Hermitian form for Q(2m)(7r) is positive 
definite under a growth condition on tt (Theorem [ 



In Section 5, we show that Q(2m)(7r) is a subrepresentation of ^''^'^so[q'^p')GL{d)N''^ | det |™ 
if we regard tt as a representation of SO{q,p) (Theorem 15. 7|) . 

In Section 6, we relate Q{2m) to the composition of Howe's correspondence ( jHo89| ). Some caution is 
taken to handle the difference between SO{p, q) and 0{p, q). Suppose that p+q < 2m + l < p+q + d. 
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We apply Kudla's preservation principle and results of Moeglin and Adam-Barbasch to show the 
nonvanishing of Q(2TO)(7r) ( [Ku| [MO] [ABj |Henon] ) . See Theorem 16.51 We then apply Howe's 
theory ( Ho89] and results of |M0| |AB] [Paul] to determine a minimal K-type of Q(2m)(7r). Our 
assumption that tt has a if -type of the form rj, +) is essential to guarantee that the minimal 
fsT-type is a K-type of minimal degree. This allows us to determine the Langlands-Vogan parameter 
of Q(2m)(7r). See Theorem iH 

Finally, in Section 7, we review some basic facts about Arthur's packets and show that quantum 
induction can be applied inductively to obtain unitary Langlands-Vogan parameters. Perhaps, the 
following theorem is worth mentioning. 

Theorem 0.2. Suppose that p + q < 2m + 1 < p + q + d and p < q. Let tt be an irreducible unitary 
representation of SO{q,p) such that its every K finite matrix coefficient f{g) satisfies the condition 
that 

p 

\f{ki expH{g)k2)\ < Cf exp(m + 2 - p - q - e,m + S - p - q, . . . m + I - q){\H{g)\) 
for some e > 0. Here fci,fc2 G S{0{q)0{p)) and H{g) G a™ MP. Then there exists a unitaizable 
subrepresentation of ^'n'iso[q^p) 'GL(d)N''^ *^ I ^ 

Here p < q is not essential. See Theorem A in Section 7 for more detail. 
0.1. Notations. Write /i -< A if for every k G [l,n] 

k k 
i—l 21 

Write ji < \ ii for every /c G [1, jt-] 

k k 
i—l ii 

Let Z be the set of integers. Let Z -f i be the set of half integers. 

All topological groups and topological vector spaces are assumed to be Hausdorff. Let X he a, 
topological vector space (TVS). Let C{X) he the space of continuous linear operators on X. A 
linear representation vr of G on X, is said to be continuous if the group action G x X X is 
continuous. The TVS X here needs not to be complete. 

If A" is a Hilbert space, then (tt, X) is called a Hilbert representation. All Hilbert spaces in this 
paper are assumed to be separable. All Hilbert representations are assumed to be continuous. 

For any complex vector space V, let V he the vector space V, regarded as a real vector space, 
equipped with the conjugated complex multiplication, 

c.ueV = cueV (ceC^ueV). 

Then is a complex linear vector space. = V as real vector spaces. But and V have 
different complex structures. 

A Maximal compact subgroup of a semisimple Lie group may be universally denoted by K. The 
nilradical of a parabolic subgroup of a semisimple group will be universally denoted by A^. C will 
be used as a universal constant. Identity operators or matrices will be denoted by / or /„ where n 
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is the dimension. 

All the important conventions will be highlighted by boldfaced letters. All inner products or Her- 
mitian forms will be denoted by ( , ). The definition of these forms will be clear within the context. 

Let G be a unimodular Lie group. Let X be a principal G-bundle with a G-invariant measure. 
Let H he Si unitary representation of G. Then L'^{X Xq %,X/G) is a Hilbert space. The Hilbert 
inner product is given by 



Whenever we have an integral of this form, the integrant does not depend on the choices of x in [x\. 



1.1. Invariant Distributions and Averaging Operators. Let G be a locally compact group. 
Let (tt, X) be a linear representation of G. Let u & X. m is called a G-invariant vector if 7r((/)(u) = u 
for any g G G. We denote the space of invariants of X by X*^. 

Let TT be a continuous representation of G on a locally convex TVS X. Let X* be the dual space of 
X equipped with the weak-* topology. The continuous representation (tt, X) induces a continuous 
representation (tt*, Af*) as follows. For any 6 G X* , v G X , g G G, define 



This is the dual representation. Obviously, 'K*{g){6) £ X* and G x X* ^ X* is continuous. 

Given S € X* and v £ X, the matrix coefficient 

g~^S{TT{g)v) 
is a continuous function on G. Denote it by TTv,s{g)- 

Definition 1.1. Let G be a locally compact unimodular group with finite center. Suppose thai there 
is a subspace y of X* , and a subspace Xq of X such that TT^^sig) G L^{G) for any 6 ^y and any 
V & Xq. Then we define a map 




1. Invariant Distributions and Invariant Tensor Product 



Tr*{g)(5)(v)^5(^{g)-^v). 



^G,3;:Afo^Hom(y,C) 



&y V w G Aq , 



Jg 

We call Ac.y the averaging operator with respect to y . 

Lemma 1.2. Ify is G -stable, then the image of the averaging operator 




^G,j;(A'o) CHom(y,C)^. 



Proof: For any it € A'o, (5 G 3^, 5 G G, we have 



(1) 




=AG,y{u){5). 
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We shall remark that whether y is G-stable or not is not essential. Consider 



G 



y ^spanin* {g){6)\geG, 6 ey}. 



Then AQ Gy{XQ) is well-defined and 



AaoyiXo) C Uom{^y,Cf- 



1.2. L^-mutually Dominated Subspaces. Natually, Aayi'^o) shall be interpreted as a linear 
subspace of linear functions on y. The averaging operator will then depend on the choices of the 
subspace y in X*. This is inconvenient in applications. There is an interpretation of Ac that is 
somewhat independent of the choices of 3^ as I shall explain. 

Notice that 

AcyiXo) = Xo/ker{AG.y)- 
If for two different choices J^i and 3^2, we can show that 

ker{AG,yi) = ker{AG,y2), 
then the image Ac.yiiXo) can be identified with AG.y2i^o)- 

Definition 1.3. Fix Xq C X . Let 3^i,3^2 be two subspaces of X* . We say that J^i is -dominated 
by 3^2 (with respect to Xq), if for every u ^ Xq and (5 G J^i, there is a sequence {/q} C 3^2 such that 



and {i^ujaig)} 0,'''^ uniformly dominated by an L^-function on G. //3^2 is also L^-dominated by yi, 
we say that J^i and 3^2 o.fe mutually -dominated subspaces of X* with respect to Xq. 

Remark 1.4. If yi are the (finite) linear span of a set of vectors, it suffices that the condition in 
Definition \1.3\ holds for S in the spanning set. Same is true for a spanning set of vectors in Xq . 

Theorem 1.5. Suppose that yi and y2 are mutually L^- dominated subspaces of X* with respect to 
Xq . Then 

ker{AG,yi) = keriAG^y.J, 
and AcyiiXo) can be identified with each other cannonically. 

Proof: Suppose u £ ker{AG,y2) <^ ^o- Then for any / G 3^2, we have 



Let S be arbitrary in J^i. Since J^i is L^-dominated by 3^2, there is a sequence {fa} C 3^2 such 
that TTu.fa{9) ~^ ''^u.sig) and i^ujaid) are uniformly dominated by an L^-function on G. Since 
/g """Jo = by the dominated convergence theorem, iTu,5{g)dg = 0. Hence u e ker{AG,yi)- 
We have shown that 

ker{AG,y2) ^ ker{AGyt)- 
The converse can be proved in the same way. Our assertions follow. □ 



(.9) 



(V g e G) 
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1.3. Averaging Operator Ag for Hermitian Representations. 

Definition 1.6. Let [tt.X) be a continuous representation of G on a TVS X . If X is equipped with 
a nondegenerate Hermitian form, we say that (tt, X) is a Hermitian representation of G. Let V he 
a subspace of X such that for any vi,V2 € V, 

geG^ {'K{g)vi,V2) 

is in L^{G). Define 

Ag : F-^ Hom(y'=,C) 

by 

Ag{vi){v2)^ / {■K{g)vi,V2)dg {vi £V,V2 
Jg 

Let (n^T-L) be a (continuous) Hilbert representation of G. Let {n* . %*) bo the contragredient 
Hilbcrt representation. Let T-L"^ be T-L, equipped with the conjugate complex structure 

c.u&W = cueH (ceC). 

Clearly, -K{g) acts on V.'^ preserving the complex structure. So it defines a Hilbert representation, 
denoted by (tt'^, 'H'^). If tt is unitary, we have 

(7r^■H'=) ^ {7r*,H*), 

essentially by the Riesz representation theorem. 

Remark 1.7. Suppose that there is a subspace V CH such that for any vi,V2 € V, 

Trvi,v2 ■■ g & G (7r(.g)ui,W2) 

is in L^{G). Then Ag '■ V Hom(F^, C) is well-defined. On the other hand, by Riesz representation 
theorem, the inner product on % induces a topological embedding V ^ H*. Thus AGy is well- 
defined. Clearly, Ag{V) = Ag.v-{V). Notice here that the group G acts on via tt*. Unless 
stated otherwise, V will be equipped with the action of 7r*(G). 

If V is G-invariant, then Ag{V) = AGyiV) will be a subspace of Hom(V'^,C). Generally 
speaking V will not be tt* (G)-invarant unless (7r|y, V) is unitary. So the image Ag{V) may not be 
in the G-invariant subspace of Hom(y , C). 

Example 1.8. Let G be a compact group equipped with the probability measure. Let (tt, 'H) be a 
unitary representation of G. Then Ag is defined for the whole space T-L. The space 

AG{n) =Bom{n'',Cf. 

The right hand side can be identified with V.'^ . The operator Ag is the projection operator onto the 

trivial-isotypic subspace. Consequently, for G compact, the ameraging integral Ag{u) can simply be 
defined as ^Q'n:{g)vdg . This can be regarded as the strong form of the averaging operator. 

1.4. Invariant Tensor Products. 

Definition 1.9. Let G be a unimodular group. Let (tt, X) and {t,Z) be two continuous representa- 
tions of G. Suppose that there are subspaces Xq C X,Zq C Z and subspaces y C X* ,W C Z* such 
that the matrix coefficents 

^Xo,y{9)rzo,w{g) C L^{G). 

We define 

Xo ®G;3;®w -Zo = AG,y«,w{Xo O Zq) C Hom(3^ (g) W, C). 
We call Xo ®G;y0W the invariant tensor product of Xq and Zq with respect to y ® W. 

Similarly, we can define y Og.a-oO^o W since Xq C X C {X*)* and Zq C Z C {Z*)*. 
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Lemma 1.10. For any Xi € Xo,Zi e 2o,yj e y,Wj e W, 

t s s t 

C^Xi ®G,y®w Zi)(^yj (g) Wj) = (^yj <»g,Xo(s>Zo Wj)(^Xi (g) Zi). 

1=1 j=l j=l i=l 

This induces a nondegenerate bilinear form 

{Xo ^G,y^w 2o, y ^cxo'SiZo C, 

namely 

t s t s 

C^Xi ^G,y^w ^i^^Vj ^g,a;o0-Zo f^j) = C^^i ^G^y^w Zi)C^yj (8) Wj). 

i=l j=l i=l j=l 

Proof: The first equation follows directly from definition: 



t S p s t 

C^Xi(g)G,y^w Zi)C^yj (E)Wj) = / ^^yj{^T{g)x^)wj{T{g)z^)dg. 

i=l j=l ■''^ j=l i=l 

Notice that {J^l^iXi 0g,j'0W Zi){J2j=iyj Wj) = for all {a;,} C Xo,{zi} C Zq if and only if 
■^G,Xo'»Zo{Ylj=i Vj ^j) = 0- So one obtains a form 

t s t s 

C^Xi «)G,y®w Zi,^yj <S)g,Xo'»Zq Wj) = C^Xi (S)G,y0W Zi)C^yj (g Wj). 

i=l j=l i=l j=l 

It is easy to see that this form is nondegenerate. □. 

Definition 1.11. If {-k^X) and {t,Z) are Hermitian representations and Xq C X, Zq C Z such 
that 

{'^{9)x, y){T{g)z, w) G L^{G) {x,y G Xo,z,w G Zq), 
we define the cannonical 

Xo Og ^0 = Ag{Xo (g) 2o). 

Explicitly, 

{x 0G z){y ® w) = J {TT{g)x,y){T{g)z,w)dg, {x,y e Xo;y,w G Zo). 

Whenever we use the notation Aq^g^o^ we assume that G is unimodular and Aq^g^o 
is well-defined. 

In the case that {n,X) and {t,Z) are Hilbert representations, then Xq ^ X* and Zq ^ Z*. 
We have 

Xo (glG -Zq = Xq 'S)G,X§(^Zg Zq. 



1.5. A Strong form of ITP — the Geometric Realization. 

Theorem 1.12. Let G be a unimodular Lie group and X be a smooth manifold. Let G act on X 

sm,oothly and freely from the right. Suppose that X has a nontrivial G-invariant measure dx given 
by a smooth nowhere vanishing volume form. Denote the action of G on [X, dx) from the right 
by R. Then L'^{X) is a unitary representation of G. Let C^{X) be the space of smooth function on 
X with compact support. Let (tt, H) be a unitary representation of G. Then there is an injection I 
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from. C^{X) ®G "H to C^{X xa'H) ( the smooth and compactly supported sections of the Hilbert 
vector bundle X x g "H — ^ X/ G ) defined by 

I{f u){x) = [ f{xg)7r{g)udg, (/ e C^{X), u e H). 
Jg 

In addition, for any dense subspace V ofH, I{C^{X) ®g V) is dense in L^{X xgH)- 

Remeirk 1.13. Regard X as a principal G-fiberation. This theorem says that Ag can be interpreted 
as integration along the fiber in a proper sense. This is a strong form of invariant tensor product. 

Proof: Let /i,/2 S C^{X) and ui,U2 G H. Then {R{g)fi,f2)L^(x) niust also have compact 
support on G. Wc have 

(/i ®G ■«i)(/2 ® W2) = / [ / fi{xg)f2{x)dx]{Tr{g)ui,U2)dg 
Jg Jx 

= / h{xg)f2{x){'K{g)ux,U2)dxdg 

JGxX 

= / / fi{xhg)f2{xh)dhd[x]{Tr{g)ui,U2)dg 

JgeG Jx/G JheG 

(2) = / / h{xhg)f2{xh){'K{g)ui,U2)dgdhd[x] 

Jx/gJgxG 



/ / fi{xgi)f2{xh){Tr{h ^gi)ui,U2)dgidhd[x] 
Jx/G JgxG 

/ / fi{xgi)f2{xh){Tr{gi)ui,Tr{h)u2)dgidhd[2 

Jx/G JgxG 



( / fi{xgi)'JT{gi)uidgi, / f2{xh)'K{h)u2dh)d[x]. 
x/g Jg Jg 

Here the measure on X/G is normaUzed so that dx = d[x]dg. Since the second hne converges 
absolutely, by Pubini's Theorem, we can interchange integrals. Observe that the function 

T{fi O ui) : X 9 a; / fi{xg{)-K{g{)uidgi 
Jg 

is well-defined, compactly supported and satisfies that for every 52 G G, 

Afi <S> ui)ixg2) = 7r(ff2"')2:(/i <E> ui){x) e H. 
So (g) ui) is a smooth section of the Hilbert vector bundle 

X xgH^X/G 

with compact support. We have 

(/l Og Mi)(/2 O ^2) = {I{fl <Si Wi),I(/2 O W2))i2(xxGW)- 

Let y be a dense subspace of V.. We would like to show that 

span{X(/ ® u) I / e C^{X), u € V} 

is dense in L'^{X Xg'H). Suppose otherwise. Then there exists a \1/ G L^{X Xg'H) such that for any 
f eC^{X),uGV, we have (!(/ w), 'J') = 0. Notice that 



= / (/ /(x<?)7r(5M5,*(x)Mx] = / f{x){u,^{x))dx = 0. 
Jx/G Jg Jx 
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Hence for any fixed u G V , (u, '^{x)) = almost cvcirywhere. Let v € H he an arbitrary vector in 
H. Since H is separable and V is dense in H, there exists a sequence {ui}^ C V such that Ui — > v. 
Now for each m, {ui,^{x)) = almost everywhere. Since the set {w,} is countable, {ui} _L '^{x) 
almost everywhere. Hence {v,'^(x)) = almost everywhere. Choose an orthonormal basis {vj}°^^ 
for H. For each vj, {vj,'^{x)) = almost everywhere. Hence = almost everywhere. It 

follows that ^(a;) = almost everywhere. Therefore, the set {I{f (8) w) | / G C^{X),u e V} spans 
a dense subspace of L'^{X Xg 'H). 

If ELi fi ®G Ui = 0, then Ui),Iif ® u)) = for every / e C^iX) and u e U. 

So J2\^il{fi Ui) = 0. Conversely, if J2\^ilifi Wj) = 0, X^'^^^ /, (g)G = 0. We can identiiy 
C^{X) (g)G H with its image in L'^{X XgH, dx). □ 



1.6. Representations obtained from invariant tensor product. 

Lemma 1.14. Let Gi he a unimodular group. Let (iti,25 "^1,2) be a Hilbert representation of G\ x G2 
and {a\,%\) a Hilbert representation of G\. Let V\^2 be a G2-stable subspace 0/7^1,2 and Vi be a 

subspace of Hi. Suppose that as a subspace of HI 2 a 2(^2) -invariant subspace. Suppose 
that V\^2 ®Gx ^1 '■s well-defined. Then Vi^2 Vi inherits a G2-action from Vi^2, namely 

g ■ Vi^2 fXiGi ^'l 0-i^2ig)vi.2 (^Gi Vi, (Ui,2 € Vi,2,l'l S Vi). 

Hence V\,2 ®Gi_ Vi is a linear representation 0/G2. 

Proof: Consider Agi '■ ^1,2 Vi ^ Hom(V7;2 ® It suffice to show that the subspace 

ker{AGi) is G2-invariant. Suppose that Ej=i ^1,2 ^ ^1 ^ ker{AGi)- Then for any ui^2 € Vi 2,ui e 
Vf, we have 

/ 52(0-1,2 (51)^^^ 2''"l,2)(c^l(5lK,Wl)c^5'l = 0. 

Since V12 is a ajf 2(G2)-invariant subspace, for any 52 € G2 and ui,2 € V12, (^1 2(92^)^1,2 € VY^2 C 
ni2- We have 

/ X](^l'2(5l)0-l,2(52)v^,2'"l,2)(0-l(5lK,«l)c^fi'l = / X]('^l'2(5'l)^l,2'0-J",2(fi'2'^)«l,2)(0-l(5lM,Wl)rf5i = 0. 
•^Gi j^-^ JGi 

Hence X]j=i <^iai92)vi^2 ®u{& ker{AGj- □ 



Remark 1.15. (1) /f <ti,2|g2 unitary and Vi^2 is G2-invariant, then V12 will automatically 
be crl 2{G2)-invariant. G2-action on Vi^2 <S)Gi V\ is compatible with the action of G2 on 

(2) For G2 a semisimple Lie group, let K2 be a maximal campact subgroup of G2- The same 
statement holds for {g2,K2) -module V\^2- 

Similarly, we have the following two lemma. 

Lemma 1.16. Let G2 be a semisimple Lie group. Let K2 be a maximal compact subgroups of G2. 
Let (i7i_2, '^1,2) be a continuous representation o/Gi x G2 and {ai,Xi) he a continuous representation 
of Gi. Let Vi^2 be a {q2, K 2) -module in X12 and Vi a subspace of Xi. Let Ui^2 be a {Q2, K2) -module 
in X12 and U\ a subspace of X^. Then Vi,2 <S)Gi,i7i 2®i7i ^1 inherits a {g2,K2) -module structure from 

Vi,2. ' 
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Lemma 1.17. Let G2 be a semisimple Lie group. Let K2 be a maximal compact subgroups of 
G2. Let ((Ti^2, '^'1.2) be a continuous representation of Gi x G2 equipped with a {q2,K2) invariant 
Hermitian form and (ai,Xi) be a Hermitian representation of Gi. Let Vi^2 be a {q2i K2) -module in 
X\^2- Let Vi be a subspace of Xi. Then Vi^2 ®Gi Vi inherits a {q2t K 2) -module structure from Vi^2- 

Example 1.18 (Injectivity). Let 

Vi<ZV2Q ...QVnQX 

be a sequence of sub spaces of a Hilbert representation (tt, A") ofG. Let U be a subspace of the Hilbert 
representation {a,y). Suppose that Vn ®g U is well-defined. Then we have 

Vi (^ay-m" U CV2 <E)g,v-»u- U ^ . . . <=Vn®GU. 

1.7. Invariant Hermitian Forms for ITP. Suppose that the representations {ai,2,Xi^2) and 
(aiyXi) are equipped with Gi-invariant Hermitian forms ( , ). Notice that 

s t „ 

X!M,2'^Gi =51 / ('^l,2(5l)«l2:"l,2)('^l(5l)'^i,ul)(^£'l 

j=l i=l i,j "''^1 

= / i^i.2^'^iA9T^)u\,2){vi,<^i{9T^)u\)dgi 
Jg^ 



(3) 



= i'"i,2^'^iA9i)u\,2){vi,cri{gi)u\)dgi 
= / ('^l,2(5l)'«l 2'f'l 2)('^i(5i)"l,'f0'^5i 

, Jg^ 



^Yl "I2 "1,2 ® "l)- 

i=l j=l 



Here v^' 2 e V1.2, vi G Vi, u\ .^ e VI2 and u\ G V{;. By Lemma[nni (Ej=i ^^1.2 ®G, ^'i)(ELi "1,2 ® 
u\) yields a pairing between X^^^i Wi_2 ®Gi vi and J2l=i^i,2 ®Gi u\. By our computation, this 
pairing produces a Hermitian form on Vi^2 (Xigi ^4- We give the following 

Definition 1.19. Suppose that the representations (cri,2, '^'1,2) o,nd {ai,Xi) are equipped with Gi- 
invariant Hermitian forms ( , ). Define a Hermitian form on 1^,2 ®Gi Vi follows 

{Vl,2 <^Gi Vi,Ui,2 (8)Gi Ui) = {vi^2 <^Gi v){ui^2 (X" "l) = / (cri,2 (gi)?^l,2, "1,2) (f^l (sO'^l 7 "Of^^l • 

JGi 

Proposition 1.20. Let Gi, G2 be two semisimple Lie groups. Let Ki be a maximal compact subgroup 
ofGi respectively. Let (0-1,2, '^'1,2) be a continuous representation o/Gi x G2 equipped with a Gi x G2- 
invariant Hermitian form (, ) and {-Ki^Xi) be a continuous representation of Gi equipped with a 
Gi-invariant Hermitian form (, ). Let Vi^2 be a [q2, K 2) -module in Xi 2. Let Vi be a subspace of 
Xi. Then the Hermitian form on Vi^2 (^igi ^1 "is non-degenerate, invariant under the action of both 
K2 and 32 ■ 
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Proof: Let ui, 2,^1^2 G Vi,2 and ui,vi E V\. Let ki G Ki. Then 

(CTl^2(fc2)Ml,2 ®Gi Ml,crL2(fc2)wi,2 ®Gx ^l) 
= / (cti, 2(51^2)^1, 2, CTl. 2(^2)^1, 2)(o-l(5l)'"l:'^l) 

(4) 

= / (o-i,2(5i)"i.2,«i,2)(o-i(gi)Mi,wi) 

= (-"1,2 fXlGi W1,WL2 «)Gi Wl) 

The invariance of g2-action is similar. □. 

Corollary 1.21. Under the hypothesis of Prop. 1 1 . 2(A the averaging operator 

Ag, ■■ Vi^2 ®Vi^ Hom(t/i';2 ® , C) 
is a {q2t K 2) -module homomorphism. 

2. Representation Theory of SO{p,q) 

From now on ah representations are assumed to be continuous. Let G be a semisimple Lie group. 
Fix a maximal compact subgroup K. A Hilbert representation (tt, H) of G is said to be 
admissible if it restricts to a unitary representation of K and the isotypic subspaces 
Ha where a E K are finite dimensional. Let T-Lk be the if -finite vectors of H. Then T-Lk is a 
(0, iir)-module with certain compatibility conditions. We call T-Lk the Harish- Chandra module of T-L. 
We may also call a representation admissible, if (1) the if- finite vectors are dense in the represen- 
tation, (2) the if -finite vectors yield a (g, isr)-module and (3) each if -type has finite multiplicity. In 
all cases, Vk will be used to denote the if -finite vectors of a representation V of G. Two admissible 
representations are said to be infinitesimally equivalent if their underlying Harish- Chandra modules 
are equivalent. In this paper, we will mainly be interested in infinitesimal equivalences. 



Let U{q) be the universal enveloping algebra. Let Z be the center of U{q). Let i : Z — C be 
a character of Z. We say that a (g, if )-module V has infinitesimal character i if Z acts on V by 
the character /. We use the Harish-Chandra isomorphism to identify the spectrum of Z with the 
complex dual of f), a maximal Cartan subalgebra of gc. This identification is unique up to the 
action of the Weyl group W{qc, f)). In other words, I and wl are the same infinitesimal character if 
w G W{qcj l))- If (tt, V) is an admissible representation of G and Vk has infinitesimal character A, 
then we say that vr has infinitesimal character A. 

Let G ~ SOoip,q) be the identity component of SO{p,q). Suppose that pq 7^ 0. So G is non- 
compact. We often assume q > p so the noncompact component of the if Aif -decomposition is in 
W. This is not necessary, but convenient. If g < p, then the noncompact component of the if Aif 
decomposition is in R^. 

Let X be the unique unitary character of SO{p,q) that maps the nonidentity component 
to —I. We extend x to a character of products of real general linear groups and SO{p, q) 
by defining 

det 



Define x on SO{k,0) to be the trivial character. Take x to be the universal character of SO, GL 
and their products. 
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2.1. Representations of SO(p,q). Let (tt, be an irreducible unitary representation of G. Let 
h be an element in the nonidentity component of SO{p, q) such that = I. Then SO{p, q) can be 
identified with a semidirect product of {/, h} and G. Define an unitary representation (n'^jV) as 

TT^^) = Tr{h-^gh) {g G G). 

Then tt'" ^ tt or tt'' ^ tt. 

2.1.1. The case tt^ = tt. If tt'' = tt, then there is an intertwining operator i : V ^ V such that 

n{g)i = in^ig) = inih-^gh), {g e G). 

It follows that 

'K{g)ii = in{h~^gh)i — ii-!T{h~^gh^) = iiTr{g). 

Since tt is irreducible, by Schur's Lemma, ii = X € C — {0}. Normalize i so that = I. Define a 
representation {W, V) such that 

7f{h) = i, Tf{g)=n{g){\fgeG). 

It is easy to check that n is an unitary irreducible representation of SO{p, q). tF has the following 
properties: 

(1) W\g = tt; 

(2) 7f(g)X^7f. 

(3) 7f and tF (E" X come from two different choices of normalization. 

2.1.2. The case tt'* ^ tt. If tt'* ^ tt, then we can define an unitary representation {W,V ® V) as 
follows: 

Tf{h){vi,V2) = {v2,vi), Tf{g){vi,V2) = {'K{g)vi,%{h~^gh)v2) {vi,V2 €V,g € G). 

Then 

W{h~^)W{g)W{h) {vi,V2) = 7r{h)'W{g){v2,vi) = W{h){Tr{g)v2,7r{h~'^gh)vi) = {7r{h~'^ gh)vi,TT{g)v2); 

W{h~^gh){vi,V2) = {'JT{h~'^gh)vi,Tr{h~^h~^ghh)v2) = {TT{h~'^gh)vi,Tr{g)v2). 

Hence TT{h~^)W{g)Tf{h) = ^{h^^gh). Obviously, 7f(/i)^ = /. So tt is an unitary representation of 
SO{p,q). It is irreducible by Mackey analysis. W has the following properties: 

(1) 7f|(3 = TT © tt'' and n ^ w^; 

(2) 7f (g) X = 7f. 

Similar statements holds for irreducible unitary representations of the compact group 0(m) and the 
general linear group GL{n). Unless otherwise specified, if tt is an irreducible unitary representation 
of G, W will be used to denote the one, or one of the two representations defined in this section. 

2.2. Representations of SO(p) and 0{p). Given a compact Lie group K, let K be the the equiv- 
alence classes of irreducible unitary representations of K. When K is connected, K is parametrized 
by integral dominant weights upon a choice of a positive root system. If ^ is the highest weight of 
TT, we write (tt^, V^) or sometimes just (^) for tt. 

Let K = SO{p) X SO{q). The irreducible unitary representations of K are products of irreducible 
unitary representations of SO{p) and SO{q). 
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2.2.1. Odd Orthogonal Groups. For p odd, SO{p) is parameterized by an integral vector ^ of dimen- 
sion [|]: 

Ci>6>--->e[f]-i>%]>o. 

Denote this set of integral vectors by 1X^(2)+. In this case, —Ip E 0{p) — SO{p) and 0{p) = 
SO{p) X {±/p}. The unitary dual 0{p) can be parametrized by (C,±) with ^ e np(Z)+. Here 
i^l^,±\so(p) is and 7r^.±(— /j,) is ± identity. 

When p — \, there is only a trivial representation of 50(1). We denote it by (0). There are 
two irreducible unitary representations of 0(1). We denote them by (0, +) and (0, — ). 

2.2.2. Even Orthogonal Group. For p even, SO{p) is parametrized by an integral vector ^ of dimen- 
sion |: 

Denote this set of integral vectors by np(Z)+. Fix an element h G 0{p) — SO{p) such that /i^ — Ip. 

(1) If ^1 7^ 0, then tt^ = tt^- with ^" = (^i, ^2, ■ • ■ -ii )• We obtain an irreducible unitary 
representation of 0{p) such that tt\so{p) = tt tt''. Following |KV| . we parametrize such W 

by(iei,+). 

(2) If = 0, then TT^ = TT^. So TT extends to two representations of 0{p), differing by det. we 
shall follow the convention set in (6.10 |KV| ) and parametrize these two representations by 
(e,+) and (e,-). 

The distinction between (^, +) and (^, — ) will become crucial when we apply Howe's theory of dual 
pair correspondence. 

2.2.3. Representations 0} S{0{p)0{q)). Let S{0{p)0{q)) = {(fci,fc2) G 0{p)0{q) \ det fci det fcj = 
1}. S{0{p)0{q)) is a maximal compact subgroup of SO{p,q). The unitary dual of S{0{p)0{q)) can 
be parametrized by (^,7y, ±) if (5) (g) (77) extends to a representation of 0(p)0(g); by (|CU'7|j+) if 
(C) <8i (jy) does not extend to a representation of 0{p)0{q). 

2.3. Basic Structure Theory of G. Suppose now that p < q. Fix a maximal compact subgroup 
if = SO{p)SO{q) in G. Fix an Iwasawa decomposition KA^N^^. Let A(g,ain) be the restricted 
roots and A+(g,ai„) be the positive restricted roots defined by iVi„. Let {ei, 62, . . . , e^} be the 
standard basis for ajjj such that 

A(0,am) ^ {±ei ±ej\i> € [l,p]} {p = q); 

A(0,am) = {±e, ±ej | i > e [l,p]}U {±e, | i e [l,p]}«"P (g >p)- 
Here q — p denotes the multiplicities. Let p{p, q) be the half sum of positive restricted roots. Then 

p(p,.)-(^-l,^-2,...,^). 

The basis {ei}^^^ defines a coordinate system for o,„. By this coordinate system, we 
identify with W^. Equip and a*j with the standard inner product of Rp. The open 
Weyl chamber is 

a+ = {H,>H2>...>Hp>0\He«P} {q > p); 
a+={H,>H2>...>\Hp\\HeKP} (q^p). 

For q > p, the Weyl group W{g, Om) is generated by permutations and sign changes. For q = p, 
the Weyl group Wig^Um) is generated by permutations and even number of sign changes. Let 
Am = expa;^+. 
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Consider now the Cartan decomposition KAmK. Since W{Q,am) = Nk (am) /Zk (am), G can be 
decomposed as KA„^^K. Here Nx(a„i) is the normailizer of 0^ in K and Zx(ayn) is the centralizer 
of ttni in K. For any g ^ G, write g — ki expH^{g)k2 with ff"*" S oj^"''. H~^{g) is uniquely deter- 
mined by 5. 

Let Mm = ZK{am)- Then can be identified with 

p 

{(ei, €2,... Cp, h)\ei= ±1, h G SO{q - p), J| = !}• 
Let Pyn — A'/,„yli„jViii. is a minimal parabolic subgroup. 

2.4. Induced Representations. Let P 3 Pm be a parabolic subgroup of G. Let P = LN be the 
Levi decomposition. Then L has the following form 

I I I 

ixigo) n det fti = 1 I (fti , /i2, . . . hi, go) e GL{n)GL{r2) . . . GL{n)SOip - ^ n, g - ^ n)}. 

i=l z=l i=l 

where rj > l(i e > X]i=i Let P = MAN be the Langiands decomposition. Let 

SL^in) = {det g = ±l\g€ GL{ri)}. Then A ^ and 



^ = ixigo) l[dethi = l\{hi,h2,...hi,go)&l[ SL^in) x 50(p - n, g - ^ rO}. 

i=l i=l i=l i=l 

The connected component of M, Mq = SL{r\)SL{r2) ■ ■ ■ SL{ri)SOoip — X^'=i fijQ— Vi). 

For the special orthogonal group SO{p,q), the Levi factor of a parabolic subgroup must be of 
the form 

GL{n)GL{r2) . . . GL{ri)SO{p - « - ^0; 

i=l i=l 

and M ^ n!=i SL^in) x 50(p - E!=i 9 - E!=i r"*)- 

Let A+(0, a) be the positive roots from TVm. Let p, or sometimes pp be the half sum of the pos- 
itive roots (with multiplicities) in A"'"(g, a). Notice that A(0, a) in general is not a root system. 
Nevertheless, A+(0, a) still defines an open positive Weyl chamber in a*, namely 

[a*]+ = e a* I (u, a) > 0, Va e A+(fl, a) }. 

Let [a, Her) be an admissible Hilbert representation of M with respect to Mk = M f) K. Let 
V e (ci*)c- Let Indp0-(g)C„ be the normalized induced representation. The Hilbert space is given by 

{f:G^n,\ figman) = exp-(t; + p){loga)a{m)-' fig), /{k e L''{K,na)}. 

If (cr, V^) is an admissible representation of M, we can take continuous functions 

{/ : G — )• continuous \ f{gman) = exp —{v + p)(log a)aim)~^ f{g)}. 

Again, we obtain an admissible representation of G. Whether taking L^-sections or continuous sec- 
tions, the underlying Harish- Chandra module is the same, namely, /^-finite vectors in Ind^p|^[V^]MnK • 
So the induced representations are infinitesimally equivalent. 

Parabolically induced representations have the following nice properties: 
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(1) If div — and cr is unitary, the Indpcr (g) Cy is unitary. This type of induction is called 
unitary parabolic induction. 

(2) If a has infinitesimal character A, then Indpcr has infinitesimal character X(B v. 

(3) If (7\MnK has a composition series of finite length, then (Indpcr ^ 'Cv)k will also have a 
composition series of finite length. 

(4) Indpcr <^Cy\K = IndMnK (^'T ) Afnic ■ The action of K is independent of v. 

(5) Every irreducible admissible representation occurs infinitesimally as a subrepresentation of 
a principal series representation, namely those induced representation with P = and a 
irreducible. 

2.5. Langlands Classification. We shall now review some basic facts about Langland classifica- 
tion. Langlands classification reduces the classification of the infinitesimal equivalence classes of 
irreducible admissible representations to the classification of irreducible tempered representations 
( [LAj |KN| ) . Then Knapp and Zuckerman complete the classification of irreducible tempered rep- 
resentations, which are necessarily unitarizable. To a large extent, Langlands classification is based 
on the asymptotes of matrix coefficients of irreducible admissible representations. 

Theorem 2.1 (Langlands Classification). Fix a minimal parabolic subgroup Pm- Then the infinitesi- 
mal equivalence classes of irreducible admissible representations ofG is in one-to-one correspondence 
to the following triples 

(1) P = MAN, a parabolic subgroup containing Pm/ 

(2) the equivalence class of a, where a is an irreducible tempered representation of M ; 

(3) V e (o*)c such that ^{v) G [a*] + . 

The irreducible admissible representation J{P, a, v) is given by the unique irreducible admissible 
quotient o/ Ind j^^^^cr (E) C^. 

In particular, Langlands classification says that there is a unique irreducible quotient for Ind^j^^^cr® 
Cy. So J{P,a,v) is often called the Langlands quotient. Notice that if ^ [a*]^ or a not tem- 
pered, there could be many irreducible quotients. At the end of this section, we will "isolate " some 
Langlands quotient without assuming that 3?(w) is in the open Weyl chamber, using Vogan's lowest 
if-types. 

Remark 2.2. There is a revised Langlands classification based on cuspidal parabolic subgroups. I 
shall only state some facts that will be used later. Let P — M AN be a cuspidal parabolic subgroup 
containing P^. Let a be a discrete series representation of M . Suppose that ^{v) is in the closed 
positive Weyl chamber. Then there is a Langlands quotient J{P,a,v), defined to be the image of 
certain intertwining operator. Ln this case, J{P, cr, v) may not be irreducible. Nevertheless, it decom- 
poses into a direct sum of irreducibles. Every irreducible Harish- Chandra module can be constructed 
as a direct summand of J{P, cr, v). 

2.6. Matrix Coefficients. Now we shall list a few important properties, that more or less charac- 
terize Langlands quotients. We will start with irreducible tempered representations. These repre- 
sentations are all unitarizable. Let Sa((?) be Harish-Chandra's spherical function. We write 
E{g) for So (5). Notice that Ex{g) = ^w\{g) for any w e W{g, o,n)- 

Theorem 2.3. Letir be an irreducible admissible representation ofG. The following are equivalent. 

(1) (7r,'H) is an irreducible tempered representation. 

(2) All K -finite matrix coefficients of t: are bounded by a multiple of'E.[g). 

(3) All K -finite matrix coefficients of tt are in L'^^'^{G) for every e > 0. 

(4) (tt, %) is infinitesimally equivalent to a subrepresentation of Indpcr (8) Cy with a a discrete 
series and 5R(t;) = 0. 
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(5) All leading exponent v of n satisfies 5R(t; + pip,<l)){<^m) < 0. 

If (tt, H) is assumed to be unitary, then the conditions above are equivalent to the condition 
that {tt,H) is weakly contained in L'^{G) ( |Wallach| ) . Now we make some remarks about Langlands 
quotient. 

Remark 2.4. (1) The K -finite matrix coefficients of J{P,a,v) are bounded by multiples of 
"5R(D)eo(ff)- Here we embed a* — >■ a^. 

(2) The K -finite matrix coefficients o/ Indpcr Ct, are bounded by multiples o/ SsR(^,)^o(ff) (^^^ 
Prop 7.14 fKNj. 

(3) If^{v) € — [o*] + , then there is a unique irreducible admissible subrepresentation in IndpCr(X' 
C„. This representation is the dual representation of J{P,a,—v). 

Langlands' classification can be established by studying the leading exponents of the asymptotic 
expansion of matrix coefficients. We quote some result from [KN| . 

Theorem 2.5. Let tt be an irreducible admissible representation of G. Let v — p{p, q) be a lead- 
ing exponent of tt. Let im be a maximal Cartan subalgebra of o{q — p). Then v is related to the 
infinitesimal character I (n) G (cim ® tm)c the following equation 

where w is an element in the Weyl group of the complex Lie algebra. If there is a X such that each 
leading exponent v — p{p, q) satisfies the condition that 

\p{p,q) -v\y -\ 

then every K -finite matrix coefficient /(fci exp iJ+fc2) is bounded by a multiple of 

{l + {H+,H+))QeMK\H+\)) 

for some Q > 0. 

2.7. Vogan's Subquotient. In practice, Langlands classification tells little about the algebraic 
structure of the Harish-Chandra module. It is not easy to apply Langlands classification, for exam- 
ple, to determine the composition factors of an admissible quasisimple representation. In |Vogan79| , 
Vogan took a more algebraic approach and studied the K-types of an irreducible admissible rep- 
resentation. Vogan proved that in each irreducible admissible representation each minimal K-type 
appears with multiplicity one. 

Definition 2.6 (Vogan). Let tt be an admissible representation of G. Fix a maximal compact 
subgroup K. Let V{tt) be the Harish-Chandra module of tt. Suppose that fi is a lowest K-type with 
multiplicity one in V{7r). Let Vo(7r, /i) be the (q, K)-module generated by fj, in V{'k). Let Vi{t:, fj,) 
be the maximal (g, K)-submodule o/Vo(7r,/i) not containing fi. We call Vb(7r, /i)/Vi(7r, /x) a Vogan 
subquotient o/V"(7r). // Vogan subquotient is unique in V{t:), we say that Vb(7r, /i)/Vi(7r, /i) is the 
Vogan subquotient of V{Tr). 

We shall make several remarks here. 

(1) First, by definition, a Vogan subquotient is an irreducible (g, _?i')-module. 

(2) The same definition can be generalized to allow lowest iiT-types with multiplicities. Then 
Vb(7r, /i)/T/i(7r, /i) may not be irreducible. 

(3) The lowest K-type may not be unique, even for irreducible Harish-Chandra modules. 

Theorem 2.7 ( |Vogan79| ). Let P be a cuspidal parabolic subgroup of G containing the minimal 
parabolic subgroup Pm- Let a be a discrete series representation of G. Suppose that ^(v) is in the 
closed positive Weyl chamber. Then J{P, a, v) is equivalent to the direct sum of Vogan subquotients 
o/Ind^CT(8)C^. 
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Definition 2.8. Let G be a real reductive group. Given a cuspidal parabolic subgroup P , a tempered 
representation a, any v € a^, iflnA'f>cr® C^, has a unique Vogan subquotient w, we call {P,a,v) the 
Langlands-Vogan parameter of it. Here v is not unique. 

3. Degenerate Principal Series /„(s) 

Let s e M. Consider SOo{n, n). Let /„(s) = Indg°°^";'^| det |^ Notice that 

M^L^Sl det r « C±]boo(p,,) = Ind§?(5:;ll det \^ 
Here C+ is the trivial representation of SL^{n) and C_ is the sign character of SL^{n). In addition 

^^4ltw\ det r ® c_ - X ® M§°;:)';li det r ® C+]. 

Essentially, for Siegel parabolic subgroups, there is only one degenerate principal series of SO{n,n) 
to study. If one considers the group SpinQ{n,n), there is another degenerate principal series. The 
composition factors, ii'-types and unitarity of the composition factors are determined by K. Johnson 
([JO]) and reworked by several authors in a more general context ( |Sahi2] |Zhang| |LL] ) . In this 
section, our quotients and subrepresentations shall be interpreted in the category of 
Harish-Chandra modules. 

3.1. Reducibility, i^- types, composition series and Unitarizability. Recall that the infini- 
tesimal character of /„(s), 

^. , ,, ,n — 1 n — 3 n — 3 n— 1 
AUs)) = + s, + s,... , — + s, — + s). 

Here the infinitesimal character is unique only up to the action of Weyl group. Due to the non- 
degenerate pairing between /„(s) and /„(— s), we have /n(s) = s)*. There is an intertwining 
operator between /„(s) and /„(— s). The composition factors of /^(s) and /«(— s) are the same. As 
shown in [JO , /„(s) is irreducible if s ^ Z + -^^y^- 

Theorem 3.1 (Johnson, see also |Sahi2j [Zhang] |LL] ) . Suppose that s G + Z. 

(1) The K -types of In{s), independent of s, are multiplicity free and are parameterized by 
{(A, A) I A e H„(Z)'''}. More precisely, K -types in In{s) are of the following pairs of integral 
highest weights 

(Ai > A2 > . . . > A„J > 0, (Ai > A2 > . . . > A„J > 0, [K = SO{2no + l)SO{2no + 1)); 
(Ai > A2 > . . . > |A„J), (Ai > A2 > . . . > |A„J), (G = SO{2n,,)SO{27ia)). 

This is essentially the Peter-Weyl Theorem. 

(2) For n odd, /„(s) has at most + 1 composition factors, namely, Vi{s){i G [0,^^-^]). If 
i > -^2^ — the composition factor Vi{s) exists. It has the following K -types 



n — 1 

{(A,A)|A, >|s|-^-+i>A,+i}. 

7^ ■^^T^' ^ii^) called a small constituent. Vn-i (s) is called a large constituent. 
(3) For n even, /„(s) has at most § + 2 composition factors, namely, 

Fo(s),«i(s),...,V^-2(s),V^-i(s),Ft(*)*- 

n-l 

following K-types 



a) Let i G [0, — 1]. If i > -^^^ — the composition factor Vi{s) exists. It has the 



{{^X)\X,>\s\-^ + ^>X,+,}. 
These composition factors are called small constituents. 
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(b) The composition factors V^{s)^ always exist. They are called large constituents. They 
have the following K -types: 

{(A,A)|±A^ >|s| + i}. 

(4) Vi{s) is unitary only in the following two situations, 

(a) If - \s\ e [0, [^^]], V^-i |„|fs) is always unitary. 

(b) If n is even, V!l{s)^ is always unitary for any s G ^^^^^ + Z, i.e., s a half integer. 
V" (s)"*" ® Vn{s)~ yields an irreducible unitary representation of SO{n,n). 

(5) If m = — s and [^3^] > m > 0, Kn(s) occurs as the unique quotient of In{s) and as the 

unique suhrepresentation of In{—s). 

3.2. Langlands-Vogan Parameter and Growth of T/m(^^ — no). Now suppose s = — m 
and m e [0, [-^^l]. Clearly, Vegan's lowest ii'-type of Vi{s) {i > m) is (A, A) with 

A = (Ai = . . . = Aj(= -m + i)> Ai+i = Aj+2 = . . . = A[^] (= 0)). 

In particular, when i = m, the lowest ii'-type is trivial. Hence the small constituent — m) 

is spherical. We obtain 

Theorem 3.2. Suppose s = — m andm G [0, [^^]]. Then Vm = — m) has the following 

properties: 

(1) Vm is spherical. The K-types ofVm are of the form (A, A) with 

A = (Ai > A2 > . . . > A„(= 0) = \m+i = . . . = An ). 

In particular, ifm = Q, we obtain the "smallest "small constituent, the trivial representation. 

(2) The infinitesimal character I{Vm) = 'ni'n — m — 1, m) where 

n — 2m 

rjin — TO — 1, m) = (n — m — 1, n — m — 2, . . . , TO, TO, m — 1, m — 1, . . . , 1, 1, 0). 

(3) Vra is the Langlands quotient 0/ Indp^triv (g) C^(„_m_i.m) . 

(4) Vm is the Vogan subquotient 0/ Indg'^^^"^'J^triv (g) \\ det ||^ ™. 

(5) The K -finite matrix coefficients ofVm and of In{^^^^ — m) are all bounded by a multiple of 

(g), and S^(„_m_i,m)(expif+) is bounded by 

n—2m 2 

(1 + {H+,H+))^ CXp(-TO, -TO, . . . , -TO, -TO + 1, -TO + 1, -TO + 2, -TO + 2 . . . , -1, -1, 0, 0){H+) 
for some positive Q. 

Corollary 3.3. Letu,v G In{^^^^ — 'rn){m G [0, [^^j^]]) such thatu\K andv\K are continuous. Then 
the matrix coefficient {In{^^^^ — m){g)u,v) is bounded by 

SUp(|u(fc)|,fc e K) SUp(|u(fc)|, G K)'E^(n-m-l,m.){9)- 

Proof: Since r]{n — to — 1, to) is real, '^r]{n-m-i,m){g) is a positive function. On the compact 
picture, the function \u{k)\ and \v{k)\ are bounded by multiples of the spherical vector-the constant 
function Ik- Since — m is real, 

77 — 1 11 — 1 

(5) ~ "^^l - ^MHk%k G K) sup(|^;(fc)|, G K){I^{^ - m){g)lK, Ik) 

= sup(|«(fc)|,A; G K) sup(|t;(A;)|,A; G -fl')S^(„-m-i,m)(fi')- 
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3.3. Howe's Duality Correspondence and Small constituent Vm{^^^ — to). The representa- 
tion /„(s) of SOo{n,n) can be extended to a representation of SO{n,n) in two ways. By abusing 

notation, we keep /^(s) to denote the representation Indg^|"jj')^| det |*. All Vi{s) now inherits a 

SO{n,n) action from /„(s), except that Vrf (s) © Vnr(s) constitute an irreducible representation of 

SO{n, n) when n is even. So from now on, the small constituent Kn(^^^^ ~ "i) will carry a SO{n, n) 
action. 

In fact, Vm{^^^^ — "^) can be made into a representation of 0{n,n) as follows. We define an 
action of 0{n) x 0{n) on each SO{n) x S'0(n)-type (0 «) (C) via (C, +) (g) (C, +)■ Then - 
becomes a representation of 0{n,n). Again, by abusing notation, use Vm{-^^^ — tti) to denote this 
representation of 0{n,n). 

Howe's duality correspondence is a one-to-one correspondence between a subset of the admissible 
dual of 0{p, q) and a subset of the admissible dual of Sp2k{^) ( |Ho89| ). Let {0{p, q), Sp2k{^)) be a 
dual reductive pair in Sp2k(p+q) (I^)- Let Sp2k(p+q) (R) be the unique double covering of Sp2k{p+q) (K)- 
Let uj be the oscillator representation of Sp2k(p+q)(J^)- Let tti and 1^2 be irreducible admissible rep- 
resentations of 0{p,q) and Sp2k{^)- We say that tti corresponds to tt2 if tt^ 7rf° occurs as a 
quotient of uj°° ( |Ho89j ). This is Howe's correspondence, also called local theta correspondence. We 
denote it by 6. To be more specific, we use 9{p, q; 2k) to denote the correspondence from 0{p, q) rep- 
resentations to Sp2kiM) representations and d{2k;p,q) to denote the correspondence from Sp2k{^) 
representations to 0{p,q) representations. Sometimes, we use U!{p,q;2k) to denote co restricted to 
the coverings of {0{p,q), Sp2k{^))- 

By a theorem of Lee ( |LL| ). the small constituent Vm{^^Y^ — rn) corresponds to a one dimensional 
character under Howe's duality correspondence. By the theory of stable range of local theta cor- 
respondence 0(2to; n, n)(triv) = uj{n,n;2m)°° <8)Sp2™(R) ^^'^^ ([LJ89j)- Notice here we must have 
TO < So the dual pair (0(n, n), Sp2m{^}) is in the stable range. 

Theorem 3.4 f [LL] . |LI89j ). Suppose that the integer < m < The representation d{2m;n,n){tTiv) 

is injinitesimally equivalent to Vmi^^^^ — m). In addition, 

n — 1 

^rn{— m)= uj°°{n,n;2m) ^Sp2rn.{R) t"v. 

Notice that when p + q is even, 9{p, q: 2k) is a correspondence between representations of the 
linear group 0{p,q) and representations of the linear group 5p2fe(R). 

3.4. Matrix Coefficients of the Oscillator Representation and S,,(„„„i_i „i) (g). Consider the 

oscillator representation (aj,L^(M^)) of Sp2n{R) as in jHeOO] |Heq[ . Choose the standard maximal 
compact subgroup K. Then K is the double covering of U{N). There is a cannonical unitary 
character Vdet on K. The Harish- Chandra module is ■p(x) exp — i||a;|p with P(x) the polynomial 
algebra on a; € M^. Let Vk{x) be homogeneous polynomials of degree k. Let V<k{x) be the 
polynomials of degree less or equal to k. Then exp — is not a ii'-invariant subspace, 

except when fc = 0. But V<kix) exp — i||a;|p is a ii'-invariant subspace. w is a lowest weight module 
with the lowest weight vector exp — The group K acts on exp — by scalar Vdet. We 
sometimes call exp— i||a;|p an almost spherical vector. 
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Lemma 3.5. Write g — ki exp H{g)k2 with fci, fc2 G if and H = {Hi,H2, ■ ■ ■ Hn) G K^- Then 

11 ^ 
FN{g) = cxpi7fc2)cxp--||x|p,cxp--||x|p) = CAr(Vdet(fcifc2)) ]^(exp i/^ +exp-iJ,)"^, 

1=1 

where Cjv *s a positive constant depending only on N . Obviously, i/\/det(fcifc2) = 1> thenFj^{g) > 0. 

Now let = 2riTO. Embed the dual pair {0{n, n), Sp2m(^)) as in |Heq| . Essentially, this amounts 
to a compactible KAK decomposition for the dual pair in Sp2n{'^)- In this particular situation, we 
actually have (0(n,n), 5*^2™ (K)) acting on L2(R2"(g)M™). Let k € U{m). Then A: acts on exp 

— n 

by vdet(A:)"vdet(fc) = 1. Obviously the compact group 0{n)0{n) acts on exp— i||a;|p trivially. 
Hence we obtain 

-FAf|o(n,n)Sp2™(K) > 0- 

Let 1 be a unit vector in the trivial representation of Sp2m(R-)- By Howe's theory f }Ho89j ). Theorem 
13.41 and jHeOO] . the invariant tensor exp— i||a;|p '^Sp2n{R) 1 is a spherical vector of K7i(^^y^ — ttl)- 
Hence we obtain 

Theorem 3.6. Let {0{n,n), Sp2m{^)) be a dual pair in Spinmi^) as in [Heq' . Then the matrix 
coefficient 

(a;(5l,52)exp-i||x||^exp-i||x|p) > ((31,32) e (0(n, n), 5p2m(K))) 

and 

^^(„_™_i,™)(5i) = C / (a;(gi,g2)exp--||a;|p,exp--||x|p)dg2- 

I shall add one well-known lemma concerning the matrix coefficients of the oscillator representa- 
tion. 

Lemma 3.7. Lei (w, i^(R^)) be the oscillator representation of Sp2n(R) ■ ief 0, € "^(2;) exp — 
be a K-finite vector. Then there exists a positive constant K^^^ such that 

N 

\{uj{kiexpHk2)<j>,n < K^,^\FN{ki expHk2)\ = K^,^CnI[{\H^^\ + 

i=l 

Proof: Suppose that all if-translations of and i/j are uniformly bounded by C(l+||a;|p)*^ exp — 
This is possible because ii'-translations of and ip are in a compact subset in a finite dimension 
subspace of V{x) exp—^\\x\\^. Clearly C(l -I- ||a:^||^)*^ exp — is bounded by Ci exp — An 
easy computation shows that 

\{uj{ki exp Hk2)(l), 1(^)1 < (^^^(^(exp i?) exp -i||a;|p, exp -i||a;f ) = K^^4,\FN{ki exp Hk2)\. 

□ 

4. Quantum Induction and Positivity of the Invariant Hermitian Form 

Let TT be an admissible representation of a semisimple Lie group H. Fix a maximal compact 
subgroup Kh of H. We use V{tt) to denote the Harish-Chandra module of tt. In most 
part of this paper, the maximal compact subgroup is specified explicitly or implicitly and V{Tr) is 
well-defined. 

Let n = p + q + d. Equip the vector space R"'" — R^" with the standard quadratic form of 
signature {n,n) and the standard basis {ei,fj \ i G [l,n],j £ [1,"-]}- Decompose R"'" canonically 
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as RP-''®W+'^-P+'^. This induces a cannonical embedding of SO{p, q)SO{q + d,p + d} into SO{n, n). 
The maximal compact subgroups are chosen to be the standard ones. 

Let < m < ■^3^- Denote the unitary representation 9{2m; n, n)(triv) by Then £m{n) 

is infinitesimally equivalent to Vm{^^^^~m). We also use £m{n) to denote the group action and Lie al- 
gebra action. Let (tt, Htt) be an irreducible unitary representation of G = SO{p, q). Suppose 
that V{£m{n)) V{tt) is well-defined and nonzero. The nonvanishing of ^g Vi^^) 

will be established in Theorem 16.51 

From Lemma ri.l7[ we see that V {£m{n)) <E)gV (t^) is a (g, X)-module for SO{q+d,p+d). Recall from 
Prop. I1.20l that V{£m{n)) <E)g is equipped with a canonical {o{q + d,p + d), 0{q + d)0{p + d)) 

invariant Hermitian form 

{4>i®GUi,(j)2®GU2) ^ I {£„i{n){g)(f>i,(f>2){n{g)ui,U2)dg. 
Jg 

Fix a nonzero vector u G V{tt). In this section, we shall show that this Hermitian form on 
V{£m{n)) (^G u is positive definite. Therefore, the {o{q + + d), SO{q + d)SO{p + d))-module 
V{£m{n)) ®G u has an invariant pre-Hilbert structure. 

We call the process: Q(2m) : V{ti) — > V{£m{n)) ®g V"(7r) quantum induction. Q(2m) is 
sometimes written more completely as g; 2m; q + d,p + d) ( |Quan| ). Quantum induction can be 
defined for all classical groups ( [Quanl] ). 

4.1. A Positivity Theorem. Let be a vector space over R, C or H equipped with a nondegen- 
erate sesquilinear form. Let V ~Vi®V2 and Vi -L ¥2- Let G{V) be the isometry group of V. We 
say a unitary representation of a unimodular group G is almost square integrable if the 
matrix coefficients with respect to a dense subspace are in i^+'^(G) for any e > 0. 

Theorem 4.1. Let G ~ G{Vi ® V2) and Gi = G{Vi). Let {a, Ha) be an almost square integrable 
representation of G and (^,1-1^) be an unitary representation o/Gi. Here a is often not irreducible. 
Let K be a maximal compact subgroup of G. Let S he Harish- Chandra's basic spherical function for 
G. Let e Htt such that 

/ |2(gi)(7r(5i)V', -0)1^31 < 00. 

JGi 

Then the invariant tensor product (Ha)K '^Gi is well-defined and its canonical invariant Her- 
mitian form is positive definite. 

Proof: Fix any (j) € {Ha)K- Since a is almost square integrable, by a Theorem of Cowling- 
Haagerup-Howe ( |CHH| ). for any 0i e {Ha)K, there is a constant G such that \{a{g)cj), 0i)| < CE{g). 
Since J^^ \E{gi){Tr{gi)ijj,'ip)\dgi < 00, (cr(gi)0, 0i)(7r(5i)-0, -0) G ^^(Gi). So {Ha)K®Gi is well- 
defined. Now it suffices to show that (0 ®Gi 0: 4> ®Gi i') ^ 0. 

Since is K-fm\te, let 5 C iiT be the finite set of iiT-types occuring in the if-module generated 
by (j). Let G'^{G){S) be the subspace of C^{G) such that the K-action from the left decomposes 
into the X-types in S. By our assumption, {a{g)(f>, (p) is almost square integrable. So (a, Ha) 
is weakly contained in L'^{G) ( |CHH] ). We can construct a sequence of i^T-finite functions (pi in 
G^{G){S) such that {a{g)(p,(p) can be approximated by {L{g)(f>i, <pi) uniformly on compacta. In 
particular, taking g be the identity, we obtain 
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Hence {H^ilU^} is bounded uniformly for all i. Now by a Theorem of Cowling-Haagerup-Howe 
([CHH]), 

\\iLig)<p,,<P,)\\<CE{g) g e G), 

where C only depends on the norm and the iiT- types in S. Thus C can be chosen uniformly 
for all . Observe that 

{L{gi)(p^,(p,){TT{gi)ip,ip)dgi 

Gi 



MSi 9)<Pi{9)dg{Ti{gi)^,^)dgi 

Gi JG 

[absolutely integrahle, since (j)i is compactly supported 



hig)4>,{hig)dhid[Gig]{n{gi)ip,->p)dgi 

Gi JGi\GJGi 



(6) 



M9i hig)(j3i{hig){-K{gi)ip, i;)dgidhid[Gig] 

Gi\G JGixGi 



M9i9)Mhi9)i'^ihigi ^)ip, ij))dgidhid[Gig\ 

Gi\G JGixGi 

M9ig)<l>i{hig){Tr{gi^)'4',T^{hi^)->P)dgidhid[Gig] 

Gi\G JGixGi 

( / 0»(.9i5)7i'(gr^)V'c^3i' / <l^tihig)T:{h~^)ipdhi)d[Gig] 

Gi\G JGi JGi 



Gi\G 



(t>i{.gig)'^{gi ^)■4^dgl\\l^^d[Glg\ 



>0 



Now {\{L{gi)(j)i, 0i)(7r((7i)'0, "0)1} are uniformly bounded by an integrable function |C,^((7i)(7r((7i )-(/;, ■0)1. 
By the Dominated Convergence Theorem, 



(7) 



(cr(gi)0, 0)(7r(5i)?/', 0)^31 = / lim (L(5i)0,,0j)(7r(5i)'0, -0)^^51 

= lim / (L(gi)0,,0,)(7r(gi)0,0)dgi > 0. 



2— )-00 



Hence (0 (g)Gi -0i ®Gi 0) > 0. □ 

4.2. Positivity of the Hermitian Form. Now we shall prove that for each u € V{tt), the canon- 
ical Hermitian form on V{£m{n)) ®g u is positive definite. We shall apply Theorem 14. II 

By Theorem 13. 2[ the matrix coefficients of V{£m{n)) are bounded by a multiple of 

n— 2m 2 2 



{l+{H+{g),H+{g)))^ exp(-TO, -m, . . . , -m, -m + 1, -m + 1, -m + 2, -rn + 2 . . . , -1, -1, 0, 0)(iJ+(.g)) 

Since n — 2m > 1, their restrictions onto S0{k,2m + 2 — k) are almost square integrable. Hence 
£m{n)\so{k,2m+2-k) is almost squarc integrable. We can now applv Theorem l4.1l with G — SO{k,2m+ 
2 — k) and Gi = SO{p, q). The necessary and sufficient condition for the existence of a Gi C G is 
that p + 9 < 2to + 2. 
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Theorem 4.2. Suppose that p + q < 2m + 2 < n + 1 and p < q. Let n be an irreducible unitary 
representation of SO{p, q) such that its every K finite matrix coefficient f{g) satisfies the condition 
that 

p 

1/(5)1 < C/expfm + 2 - p - q - e,m +^3 - p - q, . . .m + 1 - i){\H+{g)\). 

for some e > 0. Then for any u G V{t:), the invariant tensor product V{£m{n)) 'Siso(p,q) ^ *'S 
well-defined and the canonical Hermitian form on V{£rnin)) ®so{p.q) u is positive definite. 

Proof: Suppose that f{g) = {7T{g)u,u) satisfies the condition that 

p 

1/(5)1 ^ C exp(m + 2 — p — q — e, m + 3 — p — q, rn + 4 — p — q, . . . , + 1 — q){\H'^ {g)\). 
Recall that B,{x) for the group SO{p, 2m + 2 — p) is bounded by 

p 

Ci(l + (H+ix), H+{x)))'^ exp(-m, -m + 1, -to + 2, . . . , -m + p - l){H+{x)). 
Then '^\so{p,q)i9)\fi9)\ is bounded by 

p 

CiC(l + iH+{g), H+ig)))Q exp(2 - p - g - e, 4 - /- g, 6 - p - g, . . . , 6){\H+{g)\), 

which is clearly in L^{SO{p,q)). So '^\so{p,q){9)\f{9)\ is in L^{SO{p,q)). We have seen that 
^m{n)\so{p,2m+2-p) is alniost square integrable. By Theorem 14.11 the invariant tensor product 
V{£m{'n)) ®so(p,g) " is well-defined. In addition, for any (f> e ViSmin)), we have 

(0 <^SO{p,q) u, <»so{p,q) u) > 0. 
Hence the invariant Hermitian form on V{£rn{n)) '8'so(p,g) ^ is positive definite. □ 

4.3. Independence of the Hilbert Structure. Let s — ^^^^ — m > 0. Recall that Vm{—s) is a 
subrepresentation of /„(— s) and it inherits a pre-Hilbert space structure and (o(ri, n), S{0{n)0{n)))- 
module structure from /„(— s). By Lemma [1.141 and Remark I1.15[ Vm{—s) <E)so(p,q) ^(^) inherits 
a {o{q + d,p + d), S{0{q + d)0{p + d)))-module structure from Vm{—s). We have seen that on the 
Harish-Chandra module level £m{n) can be identified with Vm{—s). But their inner products are 
different. So given a Hilbert representation {1:,%) of G, can we identifty V{£m{n)) ®g ^(tt) with 
Vm{—s) ®G ^(tt) on the Harish-Chandra module level? 

Let j : V"(£m(n)) — > Vm{^s) be the identification of the Harish-Chandra module. Notice that 
both inner products on V{£m{n)) and V,n{—s) are X-invariant. Let (, )i be the inner product on 
y(fm(n)) and ( , )2 be the inner product on Vm{—s). We can construct a map A : V{£m{n)) ^• 
V^(— s) such that for any (pj-ip & V{£„i{n)) 

(0,^)1 = (j-('/'),^W)2. 

Since both inner products are nondegenerate, A must be a bijection on each K-type. So A is 
one-to-one and onto. We have 

(£™(n)(g)0,V')i = (/„(-s)(5)j(<^),A(V))2. 

In particular J2i 4'i ®so(p,q) e V{£ra{n)) ®so(p,q) ^C"') vanishes if and only if 

/ ((£„(n)(g)0,,V')i(7r,(g)wj,u)d5 = (V V e V^(f™(n)), m e l/(7r)), 

JSO{p,q) 



24 



HONGYU HE 



if and only if 

{{In{-s){g)J{^^),A{^)U^T,ig)v,,u)dg = (y & V{£^{n)),u e V{7r)). 



ISO{p,q) 

We see that the kernels of the two averaging operators are the same. We obtain 

Theorem 4.3. Let n = p + q + d and 2m + 1 < n. Let (tTj'H) he an irreducible admissible 
Hilbert representation of G = SO{p,q). As Harish- Chandra modules of SO{q + d,p + d), we have 
V{£m{n)) ®G ^{t^) — — '^3^) ^ i"^) ■ Suppose that there is an invariant Hermitian form 

attached to the smooth vectors . Let ^V{tt) be the Harish- Chandra module equipped with this 
Hermitian structure. Then as Harish- Chandra modules of SO{q + d,p + d), 

I shall remark that this theorem holds for any semisimple group G and any irreducible unitary 
Harish-Chandra module V{£) of a bigger semisimple group H D G. 

5. Quantum Induction: Subrepresentation Theorem 
Let n = p + q + d, < m < and s = — m. Let ?] = rj{n — m — \.m). In this section, 
we shall show that Q{2m){V {tt)) is a subrepresentation of the induced module ^'^'^^s^^(^^^Gt.(d)N''^ ® 
I det 1^^^+™ after we identify SO{q,p) with SO{p,q). Hence Q{2m){V{n)) is admissible and qua- 
sisimple. 

Let us consider the SO{p, q)SO{q-\-d,p-\-d) action on /„(s). is a quasisimple admissible repre- 

sentation of SO{n, n). The ii'-finite subspace V{Ln{s)) is a Harish-Chandra module. Vectors in /„(s) 
can be regarded as functions on X = SO{n, n)/P„, one branch of the maximal isotropic Grassmanian 
of M"'". Here P„ is the Siegel parabolic subgroup. The symmetric subgroup SO{p,q)SO{q + d,p + d) 
acts on X with a unique open dense orbit Xq (^HHj). The action on this open dense orbit can be 
described as follows. 

Given two n-dimensional Euclidean spaces M" equipped with the standard inner products, let 
R"'" = M" M" be a 2r7,-dimensional real vector space equipped with the symmetric form 

{{xi,yi), (2:2,2/2)) = {xi,X2) - (yi,2/2), {xi,X2,yi,y2 e K"). 

Fix the standard basis {ei, 62, ... , e„, /i, /2, . . . , /«}■ Let SO{n, n) be the special linear group pre- 
serving the symmetric form ( , ). We decompose R"'" = R^^' © ^<i+d,p+d -v^rhere 

RP'i = span(ei, 62, . . . , Cp, /i, /2 . . . , /,), ]^q+d,p+d ^ span(ep+i, ep+2, . . . e„, fq+iJq+2, . . . , /„). 

We obtain a diagonal embedding from SO{p, q)SO{q + d,p + d) into SO{n, n). Let 

Wl = Span{ei -I- /g+l, 62 + fq+2, ■.■,ep-\- fq+p] fx + Gp+l, /2 + ep+2, . . . , fq -\- Cp+q} 

Wo = span{ep+g+i + fp+q+i, . . . , ep+q+d + fp+q+d}- 

Lemma 5.1 ( IHHj ) . (1) Let W — W\ ® Wq. Then W is a maximal isotropic subspace o/M"'"'. 

(2) Fix W as the base point in X . Let LN be the parabolic subgroup of SO(q -\- d,p -\r d) that 
preserves Wq. Then L = SO{q,p)GL{d) and Xq = SO{q + d,p + d)/GL{d)N. 

(3) W induces a negative isometry between MP''' and M.'^'P C 'S^i+d^p+d. 

ei ^ fq+i, {i e [l,p]); fj ^ e-p+j, {j e [l,q]). 

(4) W induces an identification of SO{p,q) with SO{q,p), denote this by gi — > gi. 

(5) Then {SO{p,q)SO{q + d,p + d))w = {(gi,5i) | 5i e SOip,q)}GL{d)N. 
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Prom now on, SO{p, q) will be identified with SO{q,p) via g — > g. Let | det | be the charac- 
ter of P„ obtained by taking the absohite value of the determinant character on the Levi factor. The 
restriction of | det | onto {SO{p, q)SO{q + d,p + d))w is simply the absolute value of the determinant 
character of the GL{d) factor. 

Let C^{Xq,s) be smooth sections in /„(s) with compact support in Xq. Notice that 
both C^{Xo, s) and V{In{s)) are dense subspaces of the Hilbert representation /,i(s). 

5.1. Realization of C^{Xq,s) ®so(p,g),c°°(Xo.-s)®y(7r*) The main result of this subsection 

is Theorem 15.21 This is the vector bundle version of Theorem 11.121 

Recall that there is a S'0(n, n)-invariant complex linear pairing between /„(s) and I„{—s): 

(8) (0, V) = / cb{k)^j{k)d[k], {<jy e e /„(-s)). 

J S(0(n)0(n))/0(n) 

This pairing induces a pairing between C^(Xo,s) and C^(Xo,— s). C^{Xq,s), regarded as a 
smooth representation of SO{p, q)SO{q + d,p + d), consists of smooth sections of the homogeneous 
line bundle: 

(9) SO{q + d,p + d) XGLid)N I det 1"^+^ ^ Xo, 
with compact support. 

Let gi e SO{p, q) and x G Xq. By Lemma l5.H x can be written as g2W with g2 G SO{q + d,p + d). 
Then 

gi92W = g29iW = g29i9i^9i~^W = 929i~^W. 
Hence left gi action on Xq = SO{q + d,p + d)/GL{d)N is simply the right gi~^ action. In particular 

ilnis)igi)f){92) - f{9i'92) = fi929i) = (i?(gi)/)(.g2). 

Now equip Xq with a left S{0{q + d)0{p + d)) and right SO{q,p) invariant measure. From the 
homogeneous line bundle structure we see that the action of S{0{q + d)0{p + d)) x SO{q,p) on 
Xq is transitive. The stabilizer T is isomorphic to 0{d)A{S{0{q)0{p))). Here 

A{S{0{q)0{p))) - {(fc, k)\ke S{0{q)0{p))} C S{0{q + d)0{p + d)) X SO{q,p). 

Applying coordinate transformation to Eq. we have 

= / 0(5)V(.9)A([.g])d[g], (0 € /4s), V € 

J S(0(q+d)0(p+d:))xSO(q,p)/T 

Here A ([(7]) is the Jacobian of the coordinate transformation from 

Xq 3 [k] [g] e S{0{q + d)0{p + d)) X SO{q,p)/T. 

Notice that (f>{g)'>p{g) only depends on [g]. Since this form is invariant under the action of S{0{q + 
d)0{p + d)) X SO{q,p), A{[g]) must be a constant. We normalize the measure on Xq so that 
A([5]) - 1. 

We identify SO{p,q) with SO{q,p) C SO{q + d,p + d) by g — > g. Let (tTj'H^) be an irreducible 
unitary representation of SO{p,q). By Lemma [l.lOi for any u e V^(vr), v e V{Tr*), cj) € C^(Xo,s) 
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and ■0 G C^{Xo, — s), we have 

(0 (8)SO(p,9),Ce(Xo -s)®y(7r*) ^: V' <8lSO(p,g),C<:(Xo,s)®V(7r) «) 

Un(s)(g)(?!),'(/')(7r(5)u,w)dg 

SO(p,g) 

<j){xg)il;{x)d[x]{TT{g)u, v)dg 



SO(q,p) J S{0{q+d)0{p+d))xSO{q,p)/T 

, ^ I I / (f){xhg)'4'{xh)dhd[x\dg 

(10) JsO{q,p) J{S{0(q+d)0(p+d))xSO(q,p))/(TSO(q,p)) J SO{q,p) 

(f>(xhg)ip{xh){T:{g)u, v)dgdhd[x] 



(S(0(q+d)0(p+d))y.SO(q,p))/(TSO(q,p)) JSO(q,p)xSO{q,p) 



[ (j){xh')i:{xh){TT{h-^)Tr{h')u, v)dhdh'd[x] 

J SO(g.p)xSO(q.p) 



S{0{q+d)0{p+d))/0{d)S{0(q)0(p)) J SO{q,p)xSO{q,p) 

( [ (t){xh')T:{h')udh\ [ ^P{xh)TT*{h)vdh)d[x] 

S(0(q+d:)0(p+d))/0(d)S{0(q)0(p)) JsO(q,p) JsO(q,p) 

It is easy to check that ah these integrals are weh-defined and converge absolutely. Now put 

l(0(g)u)(x)= / (l){xh)TT{h)udh {x e SO{q + d,p + d)). 

Jso(q,p) 

The map I is essentially integration on the right SO{q,p) fiber for 

SO{q,p) ^ SO{q + d,p + d)/GL{d)N ^ SO{q + d,p + d)/SO{q,p)GL{d)N. 
From the structure of the bundle I{(p <E)u)) can be identified with a smooth section of 

SO{q + d,p + d) ^ SO{q,p)GL{d)N 

n^®\det\—+' SO{q + d,p + d) /SO{q, p)GL{d)N. 
Similarly, T{'ip ® v)) can be identified with a smooth section of 

SO{q + d^p + d) 'X so(q,p)GL{d)N 

H^* (E)\det\- — " ~> SO{q + d,p + d) /SO{q, p)GL{d)N. 

In addition, the complex linear pairing {(j) ®so(p,q),c^(Xo-s)®v(TT') u.tp ®so(p.,q).,c^(Xo,s)m(TT) v) is 
exactly 

(1(0 (g) u),I{lp ® V)) S{0{q+d)0{p+d)) / 0(d)S{0(q)0(p))- 

Notice here that SO{q + d,p + d)/ SO{q,p)GL{d)N SiO{q + d)0{p + d))/0{d)S{0{q)0{p)). 

Recall that for P = SO{q,p)GL{d)N C SO{q + d,p + d), the half sum of positive roots in 
A(o(q + d,p + d),a) is exactly ^(p+'}+'^^'^^ = d(n-i) ^ r^j^j^ corresponds to the character | det 1^^. 
Hence, we see that I{C^{Xo, s) (E) V{tt)) can be identified with certain smooth sections of 

J„ASO{q+d,p+d) 

^^'^so(q,p)GL{d)N^ « I act I . 

Theorem 5.2. Regard n also as a representation of SO{q,p) by identifying SO{q,p) with SO{p,q) 
as in Lemma [5A[ For any u £ V{'k), v £ V^(7r*), (f> £ G^{Xo, s) and € C'^{Xq, —s), we have 

(0 ®SO{p,q),C,(Xo,^s)®V{7r') U, -ip (8)SO{p,q),Ca{Xo,s)(^V{7:) v) = (1(0 (g> u),I{'ip (g> v)) 

where the right hand side is the complex linear pairing between IiidgQ|^~^^^^|.'^''^^7r ® |det|'* and 

IndgQ|^^^g2^('d)jv'''* ^ I "^^^ I"- addition, I induces an SO{q + d,p + d)-invariant isomorphism 
from 

G^{Xq,s) <E)so{p,q),c^{Xo-s)ig)V(-^*) 
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onto a dense subspace of smooth vectors in ^'<^'is'o[q~^p)GLtji)N''^ I 
Proof: 

(1) The first statement is clear from the argument proceeding the theorem. 

(2) Next, we show that ® u) | e C^^Xq, s), u € V{tt)} is dense in Indf p^^+'^j^^Tr (g) 
|det|''. Recall that the vector bundle © is a G'L(d)A^-principal bundle. Choose a local 
trivialization on an open S'0(<7,p)-invariant C Xq for the vector bundle ([9]). This amounts 
to choosing a local trivialization for the bundle 

SO{q + d,p + d) Xso(q,p)GL(d)N triv (g) \ det 1^^+" ^ SO{q + d,p + d)/SO{q,p)GL{d)N. 

Then we have C^{n,s) = C^{n,C). By Theorem Ol I(Cf'(17,C) ® V{n)) is dense in 
L^(ri X so(p,q) T^tt)- By partition of unit, we obtain the desired result. 

(3) Finally, we want to show that I induces an isomorphism from C^{Xq, s)<S^so{p,q),c°°(Xo.-s)®v( 

y(7r) into Indg^l^+^^+^dV'^ ' '^^^ I''- ^o^ice that X^Li '^so{p,q),c^{Xo-s)(»v{^') Ui = 
if and only if 

t 

iJ2 ^so{p.q),c^{Xo,-s)0V(7.') Ui)iip (g = (V V e C;?°(Xo, -s),v e Vin*)); 

i=l 

if and only if ^®u^),I{iP®v)) = 0. By (2), J(^®w) is dense in Ind|o[SGS)w^*«' 

I det |-^ We have seen that X^Li 't>^®SO(p,q),Gr{Xa-s)®v{^')Ut = if and only if 2:(E*=i <^<^ 
itj) = 0. So I induces an isomorphism. It is easy to see that this isomorphism preserves the 
action of SO{q + d,p + d). 

□ 

Given a G S{0{q + d)0{p + d)), let be the projection of the Hilbcrt representation ^'^'^^so^(<^j!)GL(d)N 
I det 1^ onto its cr-isotypic subspace, which will be finite dimensional. Let C'^{Xq, s)a be the a iso- 
typic subspace. Then 

P,I{C^{Xo, s) ® V{t:)) = I{C^{Xo, s)^ <g> V{7r)). 

By Theorem l5.2l the left hand side must be the full finite dimensional -P(T(IiidgQ|^'^^^^^^''^^7r(g)| det |*). 
Otherwise, I{C^{Xo, s) (g) V{tt))) will not be dense in Ind^^l' ^^^^^'^'^j^Tr (g | det j''. Hence 

Let D{Xo, s) be the S{0{q + d)0{p + d))-finite subspace of C^{Xo, s). We have 
Corollary 5.3. I induces an equivalence of Harish- Chandra modules of SO{q + d,p + d): 

D{Xo,s) (E)so(q.p).c^{Xo,-s)0V(^'} V{tt) l^(lndg°|^+^^2^(d)jv'^ ® ' ^et 1"). 
5.2. Two Invariant Tensor Products. 

Theorem 5.4. Let s = ^^-^ — m, n — p + q + d and rj — rjin — m — 1, m). Let tt be an irreducible 
unitary representation of SO{p,q) such that every leading exponent fj, satisfies 

1] + (m, Og+d) - {d + l,d + 2,...,d + p, Og+d) -< 0. 

Then D(Xo, —s)(E)V{'!r*) and V {In{s)y(gV (ttY are two mutually L^ -dominated subspaces of Ln{~s)® 
HI, with respect to V^(/„(s)) V{Tr). We have 
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(1) as {o{q + d,p + d), S{0{q + d)0{p + d)))-modules, 

V{In{s)) <»SO{p,q) ^ V{In{s)) SO{p,q) ,D{Xo~s)(g,V (tt') V {tt) . 



(2) as SO{q + d,p + d) representations, 

D{Xo, ~s) '^SO(p,q),C^{Xo,s)(g)Vi7T) ^(tt)* — -0(^0, -s) ®SO(p,g),V(7„(s))«)y(7r) 

(3) There is a nondegenerate {o{q + d,p + d),S{0{q + d)0{p + d))) -invariant complex linear 
pairing {,): 

{V{In{s)) ®SO(p,q) ^W, D{Xq,-s) ®SO{p,q),Cr(Xa,s)®V{^) ^(t^*)) > C. 

Proof: Fix K = S{0{n)0{n)). For each e Z)(Xo,— s), 0|_ff is continuous and thus bounded on 
K. Let il^i G V{In{s)Y ^ In{—s) such that ^/jilx approaches uniformly. This is always possible 
by essentially Stone- Weierstrass Theorem. Then for any 0o G V{In{s)) or 00 G ^(Xojs) 



By our assumption on /x and Theorem l2.5l |S^((;)|5o(p ,j)(7r((7)M, v)\ is in L^{SO{p, q)). By Defintion 
Oand Remark [m Z?(Xo,-s) (g) ^(Tr*) is L^-dominated by y(/„(s))'= (g) T/(7r)= with respect to 
both D{Xo,s) (g) F(7r) and F(/„(s)) g) F(7r). Similarly, l/(J„(s))= g) F(7r)'= is also L^-dominated by 
D{Xo,~s)®ViTT*). 

By Theorem II. 5 [ we have 



By Lemma fl . 1 71 and Lemma fl.lGi both spaces inherits the same {o{q + d,p + d),S{0{q + d)0{p + 
(i)))-module structure from V{In{s)). (1) follows. (2) follows similarly. 

Now consider D{Xo,—s) as a dense subspace of the Hilbert representation /„(— s), which is the 
dual of Hilbert representation Let ( , ) be the pairing. By Lemma 1 1.1 01 we obtain a nonde- 

generate pairing 

{V{In{s)) <S)sO{p,q),D{Xo-s)(g,V{7r)* V {tt) , D {Xq , - s) <E) SO{p,q) ,V {I„{s))<S>V (tt) ^^(7^*)) ^ C. 

This pairing is {o{q+d,p-\-d), S{0{q+d)0{p+d))-iiwaiiaTit, due to the structure of /„(s) and/„(— s). 
Combining with (1) and (2), we obtain a nondegenerate invariant pairing between V {In{s)) <S) so(p,q) 
V{tt) and D{Xa,~s) g'so(p,9),c-(Xo,s)8y(7r) V{t^*)- 

Obviously, the same statements in Theorem 15.41 hold for — s. 

5.3. Subrepresentation Theorem. By Theorem l5.4l (3) and Corollarv l5.3[ we obtain a map 



that preserves the {o{q + d,p + d), S{0{q + d)0{p + (i)))-actions. Since all vectors in F(/„(s)) are 
S{0{q + d)0{p + d))-?iniie, ah vectors in V{In{s)) (^so(p,q) are S{0{q + d)0{p + d)) finite. We 
obtain an (o(g + d,p + d),S{0{q + d)0{p + d)) isomorphism 



(^«(s)(.9)0o,'0j) {In{s){g)(j)o,<j)) 
and by Cor. 13.31 all \{In{s){g)(/)o,ipi)\ are unformly bounded by 

1 1 00 I i<- 1 1 sup (sup IIV' i I K II sup)'^?7 



Vilnis)) g)50(p,g) V{7r) ^ V{In{s)) <S) so{p,q) ,D{Xo,^s)<i!>V {^') ^^W- 



Ii : V{In{s)) (gso(p,,) V{tt) ^ Hom(V^(Ind; 



SO(q+d,p+d) 
-SO(q,p)GL(d)N 



TT* (g |det|-"),C) 



(11) 



Ii : V{In{s)) ®so(p.q) V{t:) ^Hom(T/(Ind; 




^;L{d}N^* ® I det I C)so(9+d)so(p+d) 
TTg) Idetl^). 
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Notice that the pairing between y(/„(s)) 'Siso{p.q} ^iT^) and yi^'^<^so['q^p)GL{d)N''^* |det|~*) is 
nondegenerate and S'(0((7+c?)0(p+d))-invariant. Each S{0{q+d)0{p+d)) representation a has only 
finite multiphcity in ^(Ind^^l^ ^^^^^'^■'^^77* (g) | det I""). So the multiphcity of a* in V"(/„(s)) 'S^so{p.,q) 
V{Tr) must be the same. We have shown that Ii is onto. We obtain 

Theorem 5.5. Let s ~ — m, n ^ p + q + d— 1 and rj = rj{n — m — 1, to). Let tt be an irreducible 
unitary representation of SO{p, q) such that all leading exponent /i satisfies 

i]+{fi,Og+d)- {d + l,d + 2,...,d+p,0g+d) ^0. 
Then F(/„(s)) ^soip,q) V{7:) - ^(Indf o(Sg^SW^ ^ ' ^^^^ I')' 

Corollary 5.6. Under the same hypothesis as Theorem \5.5[ €5so(p,ij) ^(^) can be identified 

as a subrepresentation of IndgQ|^^^Q2^(d)Ar''' ® I '^^^ l^" ■ 

Proof: Rccah from Theorem 13.11 that V„i{~s) is a submodulc of F(/„(— s)). Hence 
V„i{-s) (E)so{p,q),v{iU~s))-=(g,v{Tr)-= V{Tr) ^ V{Ln{-s)) (E)so{p,q) V{t^)- 

By Theorem 15.51 Vmi—s) 'S^so(p,q),v(i„(~s))'=^v{Tr)^ ^(''') can be identified with a Harish-Chandra 

+d) ' ' 

SO{q,p)GL{d)N' 



submodule of ^(Ind^o^^+^^+f dw'^ ^ I ^^^t 



Let W{—s) be the subspace of s)) consisting of the iC-types outside of Kn(— s). No- 

tice that W{—s) is not a Harish-Chandra module of SO{n,n). Nevertheless, matrix coefficients 
{Ln{-s){g)Vmi-s),W{-s)) is zero. In addition, V(/„(-s)) = Vm{-s) ® W{-s). Hence 

Ki(-s)(8isO(p,g),y(/„(-^s))'^®V(7r)'^^(7r) — (-s)(8)so(p,g), V™ (-s)-i»V(7r)'^ ^(tt) = (-s)(8)so(p,g) ^(t^) ■ 

So Kn(— s) (8'so(p,g) ^(^) Can be identified as a subrepresentation of Ind^^l^ ^^^^^'^''^^Tr (g) | det |^^. 
□ 



By Theorem 14. 3[ we have 

Theorem 5.7. Under the same hypothesis as Theorem \5.5[ Q{2m){V{TT)) — V{£m{n))0so{p,q)y{'^) 
can be identified as a subrepresentation of iTid^^^i^'^^'^Q^^J^j^TT ^ \ det |™ ~ . 

6. Howe's Correspondence: Nonvanishing Theorem and Minimal /C-types 

In this section, we shall relate Q(2to) to the composition 9{2m; q + d,p+d)9{q,p; 2m). The nonva- 
nishing of Q(2TO)(P^(7r)) then follows from Kudla's preservation principle ( [Kuj ) . We will then apply 
Howe's theory to compute minimal if-types in Q(2m)(F(7r)) ( f A dams) |AB] |M0) [Paul) ) . In the 
cases when a Vogan's minimal K-type ( | VoganTO] ) is of minimal degree in the sense of Howe ( |Ho89j ). 
we obtain the Langlands-Vogan parameter for Q{2m){V{TT)). This technique does not allow us to 
treat all Q{2m)(V{TT)) because minimal if-types in the sense of Vogan may not be of minimal degree. 

Suppose that 2to + 1 < n. In this section, £m{n) will be a unitary representation of 
0{n,n), namely 0(2to; n, n)(triv). 

6.1. Associativity of Invariant Tensor Products. Let us recall the following theorem. 

Theorem 6.1 ( [HeOOj ) . Let (Gi,G2) be a dual reductive pair in Sp. Let uj be the oscillator repre- 
sentation of Sp. Let {Gi,G2) be the induced covering from the metaplectic covering. Let n be an 
irreducible unitary representation of Gi. Then V{uj) <S)q V{t:), whenever defined, is equivalent to 

v{e{7T*)). 
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In the case of (0(p, g), 5p2m(R)), can always be regarded as a correspondence between repre- 
sentations of 0{p, q) and Sp2m{JS.). This will be our view point from now on. 

Theorem 6.2. Let n = p + q + d and 2m < n + 1. Let n be an irreducible unitary representation of 
0{p,q). Suppose that V{£m{'n)) ^o{p,q) '^s well-defined. Then V{uj{q + d,p + d;2m)) (^-^^ 

{V{uj{p, q; 2m)) ®o(p.q) ^(^)) well-defined and as Harish- Chandra modules of 0{q + d,p -\- d) 

V{£min)) <S)o{p,q) V{tt) ^ V{uj{q + d,p-\-d; 2m)) '^sp^^im i^i^iP' 9; 2m)) <»o(p,q) V{n)). 

Recall from Theorem 13.41 that 



(13) 



ViSjrtin)) = V{uj{n, n; 2m)) (X'^p^^^jR) triv ^ [V{uj{q + d,p + d; 2m)) (g) V{uj{p, q; 2m)] «'5p^^(R) triv. 
So when we restrict our representation onto 0{p, q)0{q -\- d^ p d) , we have 

V{£„i{n))\o(^p^q)0{q+±p+d) = V{u{p, q; 2m)) <^sp2^{R) ^i^il + d,p + d; 2m)). 
Then it suffices to prove the associativity of invariant tensor products 

V{u:{q + d,p + d\2m))®g' ,^ [V{u:{p,q]2m)) ®o(p,q)y{'^)\ 

(12) 

'^[V{u:{q + d,p + d;2m))®g'^^^^^^V{uj{p,q;2m))]®o(p,q)V{T:). 

Theorem 13.61 and Lemma 13.71 allow us to apply Fubini's theorem. Then we can interchange two 
integrals defined by the averaging operator Ag-^ and Ao(p,q)- 

Proof: Suppose that V{£„i{n)) ®o(p,q) ^(''') is well-defined. 

(1) Let exp— and exp — be the lowest weight vectors in the Schrodinger model of 
ijj{p, q; 2m) and uj[q + d^p + d; 2m). Then exp — ®gp (r) exp — ^HylP yields a nonzero 
spherical vector in £m{n). We obtain, V gi G 0{p, q), g2 G 0{q + d,p + d), 

f 11 

2,,(gi,ff2) = C / _ (cj(p,g;2m)(gi,/i)exp--||a;||^,exp--||a;||^) 

{uj{q + d,p-\- d; 2m){g2,h)exp-^\\y\\'^,cxp-^\\yf)dh. 

By Theorem 13.61 the integrand is always positive. Since the vector (exp — ^.j^^ 

exp — i||y|p)®o(p^^)U is well-defined for all v e V{Tr), we have Ejf{gi)\{'K{gi)u, v)\ G L^{0{p, q)) 
By Fubini's theorem, 

{uj{p,q;2m){gi,h) exp-^\\x\\'^,exp~^\\x\\'^){uj{q-\-d,p+d; 2m){h) exp ~^\\y\\'^ ,exp -^\\y\\'^)\{'K{gi)u,i 

is integrable on (51, h) e 0{p, q) x Sp2m{^)- 

(2) In particular, for almost all h G Sp2m{^)j '^'^ have 

(14) |(w(p,g;2m)(5i,/i)exp-i||a;|p,exp-i||a;||2)(7r(5i)M,w)| e L\0{p,q)). 

From Lemma f3.51 we have the exact form of the function |(w(p, q; 2m) (51, h) exp — i|| xjp, exp — 

p m rn 

[R + + + ^7')"^Hn(^. + bj'r"-^], 

i=lj = l j=l 

where gi = kiak2 and h — Uibu2 are the KAK decompositions for 0{p, q) and Sp2m(^)- See 
|Heq| for more details. The integrability of ([T4| for one h e Sp2„i(R) implies the integrability 
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of (I14|) for the identity element e. This is essentiahy due to the fact that for fixed b, 



1 2 

> 



af + + 52 + bj^ - {b) + + + 2) " 



Since 

1 1 

< 



(15) 



the integrabihty of ([14]) at e then imphes the integrabihty of for every h g S-p^^J^- 
Now by Lemma lSTfl for any <\>\,<\>i G P(a;) and V'lj "02 G 7^(?/), we have for every h £ S'p2m(R), 

|(tj(p,g;2TO)(gi,/i)(0i(x)exp-i||a;||^),02exp-i||x||2)|(7r(.gi)u,w)| e ii(0(p,q)). 
It foUows that V{uj{p, q;2m)) 0o(p,q) ^{'^) is well-defined. By Theorem 16. 1[ 
V{Lu{p,q;2m))(^Oip,g) Viir) = V{9{p,q;2m){Tr*)). 

(3) Now V^(a;(p, q; 2m))®o{p,q) ^(''') is a Harish-Chandra module for a continuous representation 
9{p,q;2m){Tr*). Since ijj{p,q;2m) and tt are both unitary, by Prop. I1.20[ the canonical 
Hermitian form is {sp2m(^)j C/(f7?,))-invariant. By Lemma [3.71 and Part (1) of the proof, we 
have 

{uj{p, q; 2m){gi,h){<f>i(x) exp (/>2 exp 

{uj{q + d,p + d, 2m){h){iji{y) exp V'aly) exp-i||y||2)|(7r(5i)M, v)\ 

is integrable on 0{p,q) x 5*^2™ (K)- So V{uj{q + d,p + d; 2to)) (gjg^^^^jg^ [V(a;(p, q; 2m)) (8)o(p,5) 
F(7r)] is well-defined. 

By Fubini's theorem, we have 

V{Em{n)) ®o(p,q) V{-n) = V{uj{q + d,p + d; 2m)) ®sp^^^Jfr^ {V{uj{p, q; 2m)) (»o{p,q) V{n)). 

In addition, both spaces inherit the same {o{q + d,p + d), 0((7 + (i)0(p + (i))-module structure 
from V{uj{q + d + p,p + d + q; 2m)). Our theorem follows immediately. 

□ 

6.2. Nonvanishing of Quantum Induction. Identify 0{p, q) with 0{q,p) as in Lemma ISTTI This 
amounts to essentially rearranging the coordinates. A representation tt of SO{p, q) will also be 
regarded as a representation of SO{q,p). We would like to relate Q{2m){V{Tr)) to 6{2m; q + d,p + 
d)eiq,p;2m)ilndfj(^l^n). 

Lemma 6.3. As unitary representations of {0{p,q), Sp2„ii^))j '^(Pi <?; 2m) ~ w(g,p;2m)* = w(g,p;2m)^ 
In addition, 9{p,q;2m){T:'^) = 2m)(7r)]'^. 

Proof: Let LUm be the oscillator representation of 5p2m(^)- Then uj{p, q; 2m) can be modelled by 
[(gj^Wm] ® [(8)'a;J^]. So uj{p,q;2m)'' can be modelled by [igj^'aj^] (g) [(^'^uJm]- By reordering of coordi- 
nates, we have Lo{p,q;2m)'^ = uj{q,p; 2m). 

If TT (g) 9{p,q;2m){TT) appears as a quotient of uj{p,q;2m), then tt^ (g) g; 2m)(7r)]^ appears as 
a quotient of uj{p, q; 2m)^ = Lo(q,p] 2m). So 0{q,p; 2m)(7r'^) = g; 2m)(7r)'^. Equivalently, 

0(p,g;2m)(7r^) = [%,p;2m)W]^ 

□ 
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Theorem 6.4. If 2m + 1 > p + q, then either 9{2m; q + d,p + d){9{q,p; 2m) (tt)) ^ or 9{2m; q + 
d,p + d){0{q,p;2m){T: det)) ^ 0. 

Proof: By a theorem of Moeghn ( [MO] ) and a theorem of Adams-Barbasch ( |AB] ). we have either 
9{q,p; 2m) (tt) 7^ or 9{q,p; 2m) (tt ® det) ^ 0. See also jHenonj . By Kudla's preservation principle 
([Ku]i. 9{2m; q + d, p + d){9{q, p;2m){Tr)) ^ if 6l(q,p; 2TO)(7r)) ^ 0. Our theorem then follows. □ 

Now suppose that tt is an irreducible unitary representation of 0(p, q), then tt* = Tf^. By a Theorem 
of Przebinda |Pr] . ^(tF) will have an invariant Hermitian structure, i.e., [^'(•)W]* — [^(')(''^)]^- We 
obtain 

V{£m{n)) ®0{p,q) Vilf) 
^V{u}{q + d,p + d; 2m)) ^sp^^m (^(^(P' i; 2m)) '^0{p,q) ViW)) 

(16) ^V{Lo{q + d,p + d- 2m)) V{9{p, q; 2m)(7f*)) 
^V{9{2m; q + d,p + d){9{p, q; 2m){n*)*)) 
-Vi9{2m; q + d,p + d){9{q,p- 2m){^))) 

Theorem 6.5. Suppose that 2m + 1 > p + q. Let tt he an irreducible unitary representation of 
SO{p,q). Then Q(2m)(y(7r)) ^ 0. As Harish- Chandra modules of SO{q + d,p + d), Q(2m)(y(7r)) 
is equivalent to 9(2m\q + d,p + d){9{q,p]2m)ijf)) ifW is unique, is equivalent to 

9{2m; q + d,p + d){9{q,p; 2m){W)) © 6'(2m; q + d,p + d,){9{q,p; 2m){W (g) det)) 

ifW is not unique. 

Proof: First of all, we have 

(17) V{£,n{n)) <S>soip,q) V{7t) ^V{£M) ®o(p,g) (^(Ind^^^^^^^^^Tr)). 

If Ind°^^('^^^_^j7r is irreducible, then tt = Ind^^^j^^^^^Tr and (Ind^^^'^^^^^^^Tr) (g) det = Ind^^^^'^^^^^^Tr. By the 
previous theorem and Eq. \Wi 

Q{2m){V{TT)) = 6'(2m; q + d,p + d)9{q,p; 2m){n) ^ 0. 

If Ind^^j^'j'^^ vr is not irreducible, then it must contain two subrepresentations tt and tt (8) det, where 
7f is a unitary representation of 0(p, q). By the previous theorem, 

Q{2m){V(7r)) ^ 9{2m; q + d,p + d) {9 {q,p; 2m) {if)) ® 9 {2m; q + d,p + d) {9 {q,p; 2m) (if (g) det)) 7^ 0. 
□ 

6.3. Langlands- Vegan Parameter of Quantum Induced Module. Howe's correspondence 
uniquely determines a one to one correspondence between the if-types of the lowest degrees in 
TT and 9{tt) ( jHo89| ). We denote this if-types correspondence by 9o. For any if-type r, let 
d{T, uj) to be the lowest degree of r-isotypic subspace in the Fock-Segal-Bargman model 
of cij. 9o is often called the correspondence of joint harmonics. 9o is known explicitly ( [KVj [MO] 
[Adams] ) . In the instances that a minimal if -type in the sense of Vogan is a if- type of lowest degree, 
Howe's correspondence can be determined in terms of the Langlands- Vogan parameter. This has 
been done mostly in the equal rank case ( |M0] . [XB] . [Paul] ). With the appearance of (^, — ) for 0{p) 
or 0{q), a minimal if -type may not be a if -type of the lowest degree and Howe's correspondence is 
difficult to compute explicitly. 

Two necessary conditions for defining nonvanishing quantum induction in Theorems 15.71 and 16.51 
are p + q < 2m + 1 and s = p+'i+'^^^ — m > 0. We suppose that p + q < 2m + 1 < p + q + d. 
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Suppose that ((^i, +), (^2, +)) is a minimal 0{p)0{q) type of an irreducible constituent 

7f of IndgQ^'^^^jTT. The minimal degree of ((^2, +), (Ci, +)) in uj{q,p;2m) is the sum of all entries 
of ^1 and ^2 QMOj |AB| |Adams| l. The key observation is that d{{{£,2,+),{^i,+)),uj{q,p;2m)) is 
independent of m as long as p + g < 2m + 1. By the results of Moeglin, Adam-Barbasch and Paul, 
for the equal size cases, 

rf(((6,+),(a,+)),w(9,P;2m)) = min{d(T,oj(g,p;2m)) \ t C V {if) , t € 0{q)d{p)} , 

i.e., the minimal K-type (■^2,+) ^ (^i,+) is a K-type of minimal degree. It follows that for any 
2m > p + q — 1, we have 

d(((6,+),(a,+)),w(9,P;2m)) = minKr,t^(<Z,p;2m)) \ t C V (tt) , r e 0{g)0(p)} . 

Now 9{q,p;2m){Tf) is an irreducible representation of Sp2jn{^)- By Howe's theory ( |Ho89] ). the 
corresponding K-type 

0oiq,p; 2m)((6, +) ® (6, +)) = (6, 0, -6) + 

This ii'-type in 0{q,p; 2m) (vf) has a similar property: 

d(((6,0,-a) + ^^),^(9,p;2m)) =minKT',c^(<7,p;2m)) | r' C 2m)(^))}. 

Observe that d{T' , io{q,p; 2m)) = <i(T', uj{q + d,p+d; 2m)). So the statement above holds if we replace 
uj{q,p; 2m) by uj{q + d,p + d; 2m). It follows that the ivT-type (^2,0, —^1) + of 9{q,p; 2m){Tf) is 
also of the minimal degree in a; (2m; q + d, p + d) . Hence 

0o(2m; q + d,p + rf)((6, 0, -6) + C y(0(2m; g + + d)0(g,p; 2m)(^)). 

The left hand side is equal to ((6 © 0, +), (Ci © 0, +)). Hence the if-type ((^2 © 0, +), (^1 0, +)) 
occurs in 9{2m; q + d,p + d)9(q,p] 2m) (tt). 

Notice that ((^2 © 0),(^i ® 0),+) is the minimal i^-type of Ind^ol^^^^^^tdW'^ ® l^^*'" ^• 
[GW]). 

Theorem 6.6. Suppose that p + q < 2m + 1 < p + q + d. Suppose that (^1,^2,+) *s o, minimal 
S{0{p)0{q)) type of t:. Then Q2m{V (t:)) contains the irreducible VogansubquotientoflnA^^f^^^^^^'^^'^^-^^'K(i 
I det |^ Here s=^~m^ p+g+d-2m-i ^ 

7. Unitary Langlands-Vogan Parameters 

The main purpose of this section is to determine the unitarity of certain Langlands-Vogan param- 
eter. By a theorem of Harish-Chandra, an admissible representation tt is unitarizable if V{'k) has 
a (g, if )-invariant pre-Hilbert structure. By Prop. 11.201 Q{2m){V{n)) has an invariant Hermitian 
form. Theorem 14.21 allows us to determine when this Hermitian form will be positive definite. We 
have the following 

Theorem 7.1 (Theorem A). Suppose that p + q < 2m + 1 < p + q + d and p < q. Let vr be an 
irreducible unitary representation of SO{p,q) such that its every K finite matrix coefficient f{g) 
satisfies the condition that 

V 



|/(g)| < C/exp(m + 2-p-g-e,m + 3-p-g,...m + l-g)(|i/+(5)|). 
for some e > 0. Then 

(1) Q(p, <?; 2m; g -I- d,p -I- (i)(F(7r)) is well-defined; 
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(2) Q{p,q;2m;q + d,p + d)(V{Tr)) is nonvanishing; 

TO /-inn /-\T \mr. , 

^SO(q,p)GL{d)N' 



(3) Q{p,q;2m]q-\- d,p-\- d)(V{'K)) isasuhrepresentationoflnd^„^^^^'^'^^f\j^T:®\Aet ^^'2 



upon identifying SO{p,q) with SO{q,p); 
(4) Q{p,q;2m;q + d,p + d)(V{TT)) is unitarizahle. 

Proof: (1) follows from Tlieoreni l4.2l (2) follows from Theorem l6.5l (3) follows from Cor 15.61 We 
only need to prove (4). Notice that 

V{E,^{n)) ®soM V{^) = V{£M) ®oM Vilndf^lf^^^-,). 

is either irreducible or decompose into two irreducible admissible representations of 0{q + d^p + d). 
Each irreducible one will be of the form V{£m{n)) ®o(p,q) foi' some u S V{hid^Q^^^^T:). Applying 
Theorem 14. 2 1 to 0{p, q), the invariant Hermitian form on V{£min)) ®o(p,q) u is positive definite. By 
Harish-Chandra's theorem, Q{p,q\2ra]q + d,p + d){V{TT)) is unitarizahle. □ 

Theorem 7.2 (Theorem B). Suppose that p + q < 2to + 1 < p + q + d and p < q. Let vr he an 

irreducible unitary representation of SO{q,p) such that its every K finite matrix coefficient f{g) 
satisfies the condition that 

p 

\f{g)\ < Cfexp{m + 2-p-q-e,m + 3^p-q,...m + l-q){\H+{g)\). 

for some e > 0. Suppose that the minimal S{0{q)0{p)) -types of -k contain a »7, +). Then the 
Vogan subquotient of 

Indf SrpSiW'^ « I I det r-'-^ . . . I det r-4^-+i 

lis unitary. 
Proof: Since 

m p(SLd{M.)) = (m d+l,m d + 2,...,m —), 

the Vogan subquotient of ^"^'^so[q^p)'GL{d)N'^ I |2i2_E_2_±ti exactly the Vogan subquotient of 

^<o[IITlS)''n- « I det I det | — 4^ . . . | det r-4^-+i. 

Our theorem follows from Theorem 16.61 and Theorem [A] (4). □ 

7.1. Arthur's Packet. Let G be an inner form of an algebraic reductive group. Let be the 
Langiands dual group. Let Wr = Z2 x C*^ be the Weil group. A Langlands parameter : VVr — 
can be decomposed into a product of a compact part <po and a noncompact part ip^. <po and 0+ 
commute with each other. Arthur's parameter is a map 

ip:WmX SL{2,C) ^G, 

such that V'Iwr is a tempered parameter. Since ipiW^) and ^p{SL{2,'C)) commute, ■4;{SL{2,C)) 
must be in the centralizer of iP{Wr), in fact, the identity component of the centralizer of i/j{Wr). 
Let C{iP{Wr))o be the identity component of the centralizer. C('0(VFr))o is a reductive group. Then 
Arthur defines a Langlands parameter 

(f)^ : (f)4,{w) = ipiw^Hi^i), {w e Wr) 

where — diag(|w|5, £ SL{2,C). Arthur conjectured that the representations in <j>^ are 

unitary ( [XF83] ). 
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7.2. Type D: p+q even. In the case G — SO{p, q) withp+q even, ^Gq — SO{p+q, C). We consider 
only those -0 with a tempered representation of S'0(p—fc, q — fc) and ijj{SL {2, C))o C S0{2k,C). 
We recall the following facts ([CMi). 

(1) Group homomorphisms from SL{2, C) to SO{2k, C) are in one-to-one correspondence to Lie 
algebra homomorphisms from the standard triple {H,X,Y} to the Lie algebra so(2n,C). 

(2) The SO{2n, C)-conjugacy classes of Lie algebra homomorphisms from the standard triple 
{H,X,Y} to the Lie algebra so(2n,C) are in one-to-one correspondence with nilpotent 
adjoint orbits of S0{2n, C), namely the SO{2n, C) conjugacy class of X. 

(3) Nilpotent adjoint orbits of 0{2k, C) are in one-to-one correspondence with orthogonal Young 
diagrams of size 2k. A Young diagram is called orthogonal if each even part occurs with 
even multiplicity. 

Denote the nilpotent adjoint orbit of 0(2fc,C) corresponding to D by On- Wc say D is very even if 
only even parts occur in D. Almost all nilpotent adjoint orbits On of 0{2k, C) are nilpotent adjoint 
orbits of SO{2k,C), except for very even D. For very even D, O-d splits into two nilpotent orbits 
of SO{2k, C). We denote them by Od,±- 

Let D be an orthogonal Young diagram, given by the partition of 2k: 

r 

^d,^2k, (di <d2 <d3... <dr). 

i=l 

In order to state Arthur's conjecture, we must know sd, the semisimple element in 50(2fc,C) 
corresponding to diag(2,— ^) in s[(2,C). Denote the conjugacy class of sd by vn- vr> shall be 
identified with an element in R*^ up to the action of the Weyl group of SO{2k,C). wd can be 
constructed as a direct sum in the following way (Pg. 78-79 |CM) ). 

(1) If di — — d, define ^(d.d) — (^^i ■ • ■ i ^^)- We construct ^(d.d) for all pairs. Since 
even d appears with even multiplicities, we will only be left with odd d's. There are even 
number of them. 

(2) If {di,dj) is an odd pair, define Vf^^.^^.^ = (^V^i — 1, ... 1, 0, —1, . . . ^-j^). Due to the 
Weyl group action, v^j^.^^.) is equivalent to (^^^, ^^2^ — 1, . . . , 1, 0, 1, 2, . . . ^^^^j"")- 

(3) If D is not very even, there must be at least two odd diS. Then appears in v-o. Due 
to the Weyl group action, we can use |wd| to represent the semisimple element sd- If D 
is very even, we can apply the Weyl group action to make the entries of v-£, all positive, 
except possibly one entry. Then there are two nonequivalent wd.±; ''^d,+ with even number 
of negative numbers and fD,- with odd number of negative numbers. Obviously, ©D.i are 
related to each other by the group action 0(2fc, C)/50(2fc, C). 

Now we can restate Theorem B for p + q even. 

Corollary 7.3. Suppose that p+q < 2m + l < p + q + d, p < q andp + q even. Let?: be an irreducible 
unitary representation of SO{p,q) such that its every K finite matrix coefficient f{g) satisfies the 
condition that 

p 

1/(5)1 < Cf exp(m + 2-p-q-e,m + 3-p-q,...m + l- q){\H+{g)\). 

for some e > 0. Suppose that the minimal S{0{p)0{q)) -types contain a {^,ri,+). Then Vogan 
subquotient o/Indgol^^^^^^^f^^^Tr (triv C^(2,„+i„p_,_^+,^2d-2™-i) ) unitary. 
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Remark 7.4. Now let 2m + 1— p— q = s and p + q + 2d — 2m — 1 = t. Then s, t are odd. The 
growth condition becomes 



< C/ exp( — + e, — + , . . . — ^ — + )(|i?+(g)|). 

T/ie assertion is that the Vogan subquotient o/ Ind^^l^^^^^^.'^^^^jj^Tr (g) (triv (X) Ci,(^ ) is unitary. 

Theorem 7.5 (Theorem C). Letp+q be even. Let D be an orthogonal Young diagram of size 2k. Let 
a be an irreducible tempered representation of SO{p — k,q — k) with a minimal S{0{p — k)0{q — k))- 
type {£,,ri,+). Then the Langlands- Vogan parameter {SO{p — k,q — k)GL{l)^N ,a (E) triv, ud) is 
unitary, with a minimal K-type ® 0, ?7 ® 0, +). 

Proof: Clearly, a minimal K-type of Ind^^l^^^ q-k)GL{i)'' ® (^''^^ ® ^v-d) is ® 0, © 0, +). 
Let D be defined by the partition 

r 

di <d2 <d3... <dr di = 2k). 

i=l 

We apply induction on r. If r = 0, we have the tempered representation a which is unitarizable. 

If there is a pair di = di+i = d, let Dq be the Young diagram obtained by deleting di, di^i. Then by 
induction hypothesis, the Langlands- Vogan parameter {SO{p — k,q — k)GL{k — d)N, a (g) triv, vdq) 



is unitary. Denote this representation by ttq. Then Ind^Q^^^^ ^_^jg,^^^^^7ro triv is unitary. It 



,50(p,q) 
'■SO{p-d, 

is easy to see that the Langlands- Vogan parameter {SO{p — k,q — k)GL{\)^N,a triv,z;D) is a 
subrepresentation of Ind^Q^p^^ q-d)GL{d}N''^o ^ triv, hence is unitary. 

If there are no repeats in di, then di, d2, ■ . ■ , dr must be all odd and r must be even. If r = 2, 
set do = 0. Let Dq be the Young diagram obtained from D by deleting dr and d,._i. By induction 

hypothesis, the Langlands- Vogan parameter {SO{p — k,q — fc)G'L(l) 2 N,a (g) triv,-yDo) is 
unitary. Denote this unitary representation of SO{p— '^'-+^'— 1 ^ q _ dr+d^-i Then by Remark 

12.41 A'- finite matrix coefficients of ttq are bounded by multiples of ^VDa^Op-^id)- Notice that 

(18) 

dr + dr-l dr+dr-1. 
(WDo ® Op_k) - P[P ^ ,q ^ ) 

^ . p + q-dr-dr-1 ^ p + q - dr - dr+i ^ q-p . 

- 2 ^ 2 ' 2 2 ' 

,, p + q — dr-dr-i dr-1+3 p + q-dr — dr-1 dr-1+3 —q + P 

^( 2 + ^^-^' 2 + ^ l'-'^-^^^) 

since ^^^^-1-1 < '^''-^'^^ — g. Also notice that the minimal if-type of ttq is of the form (1^® 0, 77® 0, +). 
By Cor. 17.31 and Remark [7^ the Vogan subquotient of 



^'^'^ , , -^-^-^-^ 'ro®(triv®C.,,^_^,,„,) 

SO(p- + "'■ + ^■-1 )GL(1) 5 AT 



is unitary with a minimal X-type (^®0, 77® 0, +). By double induction formula, the Langlands- Vogan 
parameter {SO{p ~ k,q — k)GL{l)^N, a <E) triv, ud) is unitary. □ 
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7.3. p + q Odd: Type B Groups. In the case G — SO{p, q) with p + q odd, ^Go — Spp+q-i{C). 
Most of the discussion here will be similar to p + q even case, but not the same. We shall be brief and 
make the differences clear. We consider only those ipi^w) a tempered parameter for SO{p — k,q — k) 
and ^]{SL{2,'C)) C 5'p2fc(C). The equivalence classes of homomorphisms from SL{2,C) to 5'p2fe(C) 
are in one-to-one correspondence with nilpotent adjoint orbits of S'p2fc(C), which is in one-to-one 
correspondence to the symplectic Young diagrams of size 2k. A Young diagram is called symplectic 
if every odd part occurs with even multiplicity. 

Let D be a symplectic Young diagram of 2k. It can be described as a partition of 2k: 

r 

di — 2fc, (c?i < C?2 . . . dr -l < dr). 

i=l 

Let sd be the semisimple element corresponding to diag(i,— ^). Use v-£, G K.'^ to parametrize the 
conjugacy class of sd- Then will be unique up to sign changes and permutations, ud can be 
constructed as a direct sum in the following way (Pg 78 [CM] ). 

(1) If di — di+i = d, then = (^r'"' ^T^' • ■ • ' 5' • ■ • ' ^~t')- '^^ ^^^^ every pair of 
integers. Then we are only left with even diS. 

(2) If di is even, let V{^di) = (^^^"'"j ■••15)- We do this for every even di that is not in an 
identical pair. 

Now we can restate Theorem B for p + q odd. 

Corollary 7.6. Suppose that p + q < 2m + l < p + q + d, p < q and p + q odd. Let tt be an irreducible 
unitary representation of SO{p, q) such that its every K finite matrix coefficient f{g) satisfies the 
condition that 

p 

1/(5)1 < Cf exp(m + 2 - p - q - e,m + 3 - p - q, . . .m + 1 - q){\H+{g)\). 
for some e > 0. Suppose that the minimal S{0{p)0{q)) -types of tt contains a Then the 

Vogan subquotient oflnd^gQ^^^^^'^Q^^^yj^Tr (g) (t 

riv C^)^2jTi+i_p_q)©^'(p+g+2d-27Ti-i) ) unitary. 

Remark 7.7. Now let 2m + 1— p — q = s and p + q + 2d — 2m ~ 1 = t. Then s, t are even. The 
growth condition becomes 

p 

1/(5)1 < Cf exp( — + — e, — + . . . — - — + -—){\H+{g)\). 

The assertion is that the Vogan subquotient of Ind^'^^^^^'^^^^^y j^tt (triv (g) Ctj^^j^u^jj ) is unitary. 

Theorem 7.8 (Theorem D). Let p + q be odd. Let D be an symplectic Young diagram of size 2k. 
Let a be an irreducible tempered representation of SO{p— k, q— k) .such that a has a minimal K-type 
of the form (^, r/, +). Then the Langlands- Vogan parameter {SO{p — k,q — k)GL[l)''N, a (E) triv, ud) 
is unitary, with a minimal K-type (^ ® 0, 77 0, +). 

Proof: Clearly, a minimal if -type of {SO{p — k,q — k)GL{l)''N,a (X) triv,WD) is of the form 
(C ® 0, 77 ® 0, Let D be defined by the partition 

r 

di <d2 <d3... <dr (^ di = 2k). 

1=1 

We apply induction on r. If r = 0, we have the tempered representation a which is unitarizable. 



38 



HONGYU HE 



If there is a pair di = di+i = d, let Dp be the Young diagram obtained by deleting di, di+i. Then by 
induction hypothesis, the Langlands-Vogan parameter {SO{p — k,q — k)GL{k — d)N, a ® triv, wdq) 
is unitary. Denote this representation by ttq. Then Ind^Q^piJ^^ ^_^^g,^^^^^7ro (8) triv is unitary. It 
is easy to see that the Langlands-Vogan parameter {SO{p — k,q — k)GL{l)''N,a (8) triv,WD) is a 
subrepresentation of Ind^^lp^^ q~d)GL(d)N^'^ ® triv, hence is unitary. 

If there are no repeats in di, then di, d2, ■ ■ ■ , dr must be all even. Now pair all the d^'s in descending 
order, namely, (d,-,c?r-i), (c'r-2, c'r-a) and so on. Add do = if necessary. Let Do be the Young 
diagram obtained from D by deleting dr and d, -i. By induction hypothesis, the Langlands-Vogan 

parameter {SO{p — k,q— k)GL{l)'^ 2 N, a (g) triv, wdq) is unitary. Denote this unitary repre- 
sentation of SO{p — ^''+^'•-1 ^ q — dr+dr-i ^ Then by Remark 12.41 if-finite matrix coefficients 
of ttq are bounded by multiples of '^vuQ®0p^k{9)- Notice that 
(19) 

^ dr-2 , p + q-dr- dr-l ^ p + q - dr - dr+1 ^ g 

- 2 ^ 2 ' 2 '■" 2 ' 

,, P + q—dr—dr-l dr-1 + 3 p+q-dr—dr-1 dr-1+3 ^ —q+P dr-l + l. 

^( 2 + ^^-^' 2 + ^ ^'••■'^ + ^^) 

since ^^^^ -I- 1 < '^^'-^^^ — g. Also notice that the minimal if-type of ttq is of the form (^00, 7/00, +). 
By Cor. 17.61 and Remark 17.71 the Vogan subquotient of 

is unitary. By double induction formula, the Langlands-Vogan parameter {SO{p—k, q~k)GL{l)^N , erg 
triv,?;D) is unitary. □ 
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